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YBOa

BapuanvoHHUAT aHATH3 MTOKPUBA IMUPOKa 00JAaCT OT MareMaTHyeckaTa TEOpHs, pa3BHTa
BBHB BPB3KA C M3yYaBAHETO HA 33j1a4d OT ONTHMH3AIHATA, PABHOBECHETO, KOHTPOIA W CTa-
OMIHOCTTA HA THHCHHW W HEIWHCHHH CHCTEMH, KaKTO C€ Ka3Ba B CJHOMMCHHATA KHWIA Ha
Rockafellar and Wets [152].

HAbiaro Bpeme ,,papHaniuOHHUTE® 3a/1a9d ¢a OMJIH ONPEACISHHA KATO ,,BapUAITHOHHO CMSITA-
HE, CBBP3aHO ¢ MHHUMH3UPAHETO HA MHTCTPATHU (QYHKIIMOHATIH W KBICTO OCHOBCH MOJXO] €
Jla ce M3CIe/BaT BapHAITHH, 33 JIa CC XapaKTePH3UPAT PEIICHUATA U JIa CE OMUIIAT B TEPMHUHHUTE
HA ,,BAPHAITHOHHN TIPHHITAIIN .

B Ta3u pph3Kka MOHITHS KaTo HEPTypOaIius, anpokcuMaus, 00001eHa JuQepeHIHPYSMOCT
U Jp. ca OWJIM WHTEH3WBHO U3CIIC/IBAHH.

Ot JeceTnneTHst ce MpaBAT OMUTH JIa ¢€ OCBOOOU MOHSATHETO ,,BAPHAIIMOHEH OT OTpaHH-
YEHHUATA HA HErOBOTO MHHAIIO W TO J]a C€ M3IOI3Ba 32 MHOTO TO-TIHPOKA 00IacT OT ChBpe-
MeHHaTa MareMaruka. ChBPEMEHHUSAT MOJIX0] € ,,BAPHAIMOHHOTO CMATAaHE Jla ce pasriex/a
HE CaMO B KIACHYCCKHUSL CMHCHII: KAaTO JBHXKCHHS OT JaICHA TOYKA 10 THUYHM MW KPUBH H T€O-
METpHATA HA TAHTCHITHATHE W HOPMAJHH KOHYCH, CBBP3aHHM C TAX, HO CBINO Taka Kato GopMHu
Ha mepTypOanus ¥ anpoKCHMANus, KOUTO MOTaT Jia ¢€ OMUINAT ChC CXOJUMOCT HAa MHOMKECT-
Ba, MHOTO3HAYHH H300pakenus u T.H. CyOrpaauenTure u cyoudepenmanuTe Ha (QyHKIHH,
W3NBKHATH M HEU3MBKHAIM, ¢4 OT CBINECTBCHO 3HAYCHUE NIPU aHATU3UPAHETO HA TaKWBa ,Ba-
puanmn’.

B jHenmy AHU BapHANIMOHHUAT aHAIH3 CE PA3TIICKAa KaTo KIOH HA aHalnu3a, KOWTO OCH-
I'ypsiBa HE CaMO MOIIHM CPE/ICTBA 3a PEIaBaHe Ha 3a/[aYUTE, KOUTO Ca MOTHBHPAIHM HETOBOTO
BBH3HWKBAHE, HO M KATO MaTeMaTHYeCKa JUCITUTIITUHA ¢ HOBH MTPHIIOKCHHUS.

AXO UM3TOI3BaME AHAIOTHSI, MOXKEM Jia CpPaBHHM IbpBOHAYamHaTa 00JAcT HAa MPHIOXKE-
HHE HA BAPHAIIMOHHUS aHAITH3 C ONTHMHU3AIHUTA B YHHBEPCHTCTCKUS Kypc TI0 aHamu3. Torasa
BapUAIMOHHKAT aHAN3 Urpae polsiTa Ha JAUPEPeHIHATHOTO cMaTaHe. SIcHO e, ye audepen-
MUATHOTO CMATAHE € CAMOCTOATENHA OONACT, KAKTO W, Y€ UMAa HPUIOKCHUS, PA3IUIHH OT

OIITHUMH3aIuATA. CT)H_[OTO BAXXKU U 34 BApUAITMOHHUA aHAIN3.



4 VBonx

B nucepranmsTa npecTaBiMe HAKOIKO OPUTHHATHE Pe3yATara B 001acTTa Ha BapHaITHOH-
HUS aHAIM3, TIOTYYeHH nipe3 nocaeauute 15 rogunu u myOmukysanu B 11 pabot — craruure
¢ Homepa [18, 19, 63, 94, 95, 96, 140, 162, 163, 164, 172] B dubmuorpadusita. Ot Tsx 9 ca
nyOonukyBanu B crucanus ¢ umnakt gaxrop — [18, 63] B Journal of Convex Analysis, [19] B
Transactions of the AMS, [140] B SIAM J. Optim., [162] 8 Nonlinear Anal., Theory Meth.
Appl., [163] B Proceedings of the AMS, [164] 8 Math. Oper. Res., [96, 172] 8 Compt. rend.
Acad bulg. Sci. (Joxmaau na BAH), a craruure [94, 95] ca nybinukysanu B8 Joknaau na BAH
NpPEH COUCAHUETO A TIOMYYH UMIIAKT (PaKTop.

AxTyalieH COUCHK € TWTHPAHUATA HA aBTopa, MOoKe Ja Obje HaMepeH Ha
http://www.fmi.uni-sofia.bg/bg/lecturers/vois/zlateva

Ot Hero ce BWXKJIA, Y€ CTATUUTE, BHPXY KOUTO € OCHOBAHA JUCEPTAIHITa KbM MOMCHTA
Ha 3al04BaHe Ha TpoIeaypa Mo mpeazammuTa, uMar 157 nurupanus (6e3 aBTONUTHPAHHS W
0e3 aBTONMTHPAHUS HA CHABTOPH) B CTATHH W MOHOTpa(puu, OT KOUTO 96 B CTATHH, KOUTO Ca
MyONMKyBaHH B CHHCAHUS C UMIAKT (axtop ¥ 12 B monorpadpuu. OcBeH TOBa T¢ WMar u 9
MUTHPAHUS B JUCCPTANMOHHE W XaOWIUTAUOHHH TPY/IOBE.

Craruute wu 1mwmtupanusra nHa apropa B SCOPUS ce mHammpar Ha ajapec
https://www.scopus.com/authid/detail.uri?authorld=6505770062

[TbneH TEKCT Ha CTATHUTE, BHPXY KOMUTO € OCHOBaHA JHCEpTalMATa Ce HAMHUpa Ha
http://www.fmi.uni-sofia.bg/lecturers/vois/zlateva/publicationslist.2006-02-20.4308336922

ChABPKAHUETO HA JUCEPTANHMATA € OPraHU3MPaHO B TPH I71aBH. Besika miama e pasjerne-
Ha Ha maparpadu, a Bceku maparpad Ha noanaparpadu. Beexu maparpad HOCH 3ariaBHETO
Ha C/JHOMMCHHATA CTaTHs M 3a YJ0OCTBO HA YUTATENIS 3aM04YBA C HEOOXOIMMH O3HAYCHHS U

MpCABAPUTCIITHU CBCACHUSA.

B I'naBa 1 u3yuaBame (pyHKIIHUTE C KBaIpaTHdHa orieHka otaony (primal lower-nice functi-
0ns) W MPOKCHMAITHO PEryIsipHUTE MHOKECTBa (prox-regular sets). @yHknuuTe ¢ KBaapaTuaHa
OIICHKA OTJI0JTy UMAT JO0OpO MOBE/CHUE, MOO0H0 HA H3NBKHATHTE (PYHKIIHH ITI0 CE OTHACS JI0
TAXHATA PETYIBIPU3AHSL, HHTETPYEMOCT U JIP. M TIOPA/IH Ta3H IPHYHHA ca 00CKT HAa WHTCH3UBHO
W3y4aBaHe NMpe3 NOCHCAHUTE ToJuHHd. JlokazBaMe B 0aHAXOBO MPOCTPAHCTBO XapaKTepH3AIUs
Ha (DYHKIUM C KBaJpaTHYHA ONCHKA OTIOIY Ype3 XMIIOMOHOTOHHOCT Ha ONMPEJCICHH OTCHYA-
HUS HA TexHuA cyOoaudepennuan B maparpad 1.1, a B maparpad 1.2 nokazame ye 3a TakuBa
(GbyHKIHME B TI3K0 0aHAXOBO HPOCTPAHCTBO HPOKCHMAIHHAT CyOmudepeHman u cyoaude-
peanuanst Ha Clarke ceBnajsar. @yHKITMHTE ¢ KBapaTHYHA OICHKA OTAOMY TPHHAIICKAT HA
HO-TMUPOKHS KJIAC HA TPOKCHMAITHO PEryisipHuTe QyHKIMHA. MHOXECTBA, YUATO MHHKATOPHA

(YHKIMH TPUHAJJICKAT HA TO3W KIAC Ca NMPOKCHMANHO perynspuu. B maparpadwu 1.3 u 1.4


http://www.fmi.uni-sofia.bg/bg/lecturers/vois/zlateva
https://www.scopus.com/authid/detail.uri?authorId=65C577CC62
http://www.fmi.uni-sofia.bg/lecturers/vois/zlateva/publicationslist.2CC6-C2-2C.43CS336922

Veon 5

M3yJaBaMe TEXHUTE CBOWCTBA M HAMHpPAME Pa3iHYHH XapakTepH3aIlHH HA TAKHBA MHOXECTBA
B PaBHOMEPHO M3IIBKHAITH OaHaXOBHU TPOCTpaHcTBa. Pesynrarute oT maparpadure B Ta3u rimasa

ca nyOJIIMKyBaHH CHOTBETHO B craruute [94, 95, 18, 19].

Inapa 2 chABpKa pe3ylTaTH, Kacaelid WHTEIPyeMOCTTa Ha cyOpudepeHnuam Ha QyHk-
nmuu. Lenra Ha W3y4aBaHETO HA MHTETPYEMOCTTA € JIa e OTTOBOPH Ha BBIPOCA JalH YCIOBH-
€10, 4¢ cyOnudepeHnuanbT Ha ¢Ha HYHKIUA ChABPKA CyOaubepeHIuana Ha Apyra QyHKIus
BOJIH JIO TOBA, Y€ JBETC (PYHKIMU CE pa3iMyaBaT ¢ KOHCTaHTa. [laBaMe TIOI0KHUTEICH OTTOBOP
Ha TO3W BBIIPOC 32 PA3NHYHM KIacoBe OT (QYHKITHH, AchUHUpAHH B OAHAXOBO MPOCTPAHCTBO
— HOBO JIOKA3aTeJICTBO 3a WHTEIPYEMOCT Ha MOIYHCHPEKbCHATA OT/I0Ny M3MbKHAIA (QyHKITHs
(u3Becren pesynrar Ha Rockafellar), koeto u3mon3ea peryaspuzanuu B JyXa Ha UCTOPHUCCKH
IBPBOTO JIOKA3aTENCTBO B XUIOSPTOBO MPOCTpaHcTBO Ha Moreau B maparpad 2.1; monyHnemnpe-
KBCHATA OTJ0JIy PEry/sipHa (BYHKIHUSL, HEPEKhCHATA BBPXY JOMEIHA CH W CTPOTO JHIITHIIOBA
1O MOCOKA B TOYKA OT JOMEHHA CH ¢ MHTEIPyeMa B OKOJHOCT Ha Ta3u Todka B maparpad 2.2;
(GyHKIUST HA JBE TPOMEHIIHBH, KOATO € TMOAYHCHPEKBCHATA OTA0MAY (PECI. MO BCSAKA OT HPO-
MCHIIMBHTE), HEIPEKHCHATA BBPXY JIOMEHHA CH M OTTOPE-OTIOpe peryisipHa (Pecil. OTASIHO) U
CTPOTO JHUIIIMIIOBRA TI0 TIOCOKA (PECIL. OTJCTHO) B TOUYKA OT JIOMCHHA CH ¢ HHTECIPyeMa B OKOJI-
HOCT Ha Tas3u Touka B maparpad 2.3; coOcTBeHA 3aTBOpEHA YACTHYHO C1a00 WH(D-KOMITAKTHA
BBPXY KBI0a ceqopuHa QyHkiys B maparpad 2.4. Pesynrarure oT naparpadure B Ta3u rimasa

ca nyOJIMKyBaHU CHOTBETHO B craruure [172, 163, 162, 164].

B rnapa 3 uscienpaMe MHOTO3HAYHH W300paKCHHS KAKTO M TAXHATA 3aBHCUMOCT OT Tapa-
MCTBP. Taxusa I/I306pa)KeHI/I$I CC pasmICKaaT B ONTUMHU3ANMUATA U HAMOCICABK WHTCH3UBHO CC
u3ydapar. [laBaMe JOCTaThYHO YCIOBHE 33 TOBA W300paKEHHETO, KOSTO HA CTOWHOCT Ha Tapa-
METHpa MPUCBOSABA MHOXKECTBOTO OT PEMICHUS (KOETO MOXKe J1a Ob/ie MHOTO3HAYHO U HEOTPaHH-
YEHO) Ha MapaMeTPH3UPaHa MHHAMAKCHA 3a/1a4a B MPOU3BE/CHUEC HA OAHAXOBH MPOCTPAHCTBA
Jla TIpUTEKaBa CBOUCTROTO HAa Aubin B nmaparpad 3.1. B maparpad 3.2 nqokazsame kputepuii 3a
METpHYECKa PETYISPHOCT Ha MHOTO3HAYHO M300paKCHUE MOCPEACTBOM TpaduuHH MTPOU3BO/I-
uu, Oazupan Ha paboru Ha J.-P. Aubin u Heroeu crarropu. [losyuaBame U CBBp3aHa ¢ HETO
TEOpeMa 3a HESIBHOTO M300paKEHHE, KAKTO U HOBO JIOKA3aTeICTBO HA TEOpEeMara 3a pajinyca Ha
METpHYECKa PEryIsipHOCT, Oa3upano Ha kputepus Ha Aubin. B maparpag 3.3 gokassame npun-
IUTT 32 JIBJITa OpOUTa WIIK Tpa3Ha CTOWHOCT Ha MHOTO3HAYHO W300pa)KCHHE W TO MpHilarame,
3a Ja MOJy4YuM CIUHCH IMOAX0A KbHM HAKOJIKO TCOPEMHU — 3a (I)I/IKCI/IpaHa TOYKa HA MHOTO3HA4YHO
H300paKeHHE U 3a CIOPEKTHBHOCT HA SHO3HAYHU H300paxenus. Pesynrarure ot maparpadure

B Ta3W I7aBa ca MyOnmKyBaHu choTBeTHO B cratuute [ 140, 63, 96].
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Jbpxka jia u3pass HCKpeHaTa CH MPU3HATEITHOCT KbM BCHYKH MOHU CHABTOPH, C KOUTO pado-
THX TIP3 TOAWHUTE H KOUTO MMaxa KITI0U0Ba Poiist 38 (GOPMHUPAHETO MU KATO MATEMaTHK — MOST
corpyr jon. Munen Mpanos (Coduiicku yHUBEPCUTET), MOSAT HAy4CH PBHKOBOAUTEN TIPOQ.
Hango Teoprues (Codmiicku yumsepcturer u University of Florida momacrosimem), Prof.
Lionel Thibault u Dr. Frédéric Bernard (Université Montpellier 1I), Prof. Marc Quincampoix
(Université de Bretagne Occidentale), Prof. Asen Dontchev (University of Michigan) u norr.
Bosin 3naranos ([110BAMBCKH YHUBEPCUTET).

BrarogapHa cbM M Ha CBOMTE KOJIETH OT Karejpa BeposaTHOCTH, oTiepaniiOHH H3CICABAHMS
u craructuka BB Qakynarera mo maremaruka u uapopmaruka Ha CoQUICKHS YHUBEPCHUTET,
B KOATO paboTs Bede 17-Ta rojMHa M HAa KOJETHTE OT CeKims M3cienBane Ha onmeparuuTe Ha
HucruryTa mo maremaruka u uapopMaTuka, kbjaero npeau 10 roguau paborux 10 roaunu, 3a
KOJIETHATHATA WM TIOJIKpena U Haii-Beye Ha Benenmun YepHoropos, koiito 6e Mos omopa mpes

BCHYKHUTC TC3W T'OJUHH.



InaBa 1

DYHKIHUHU ¢ KBAAPATUYHA OI[CHKA
OTI0JIY M HPOKCUMAJIHO PeryjJsipHU
MHOKECTBA

B Ta3u rmapa ca npecTaBeHu HAKOW PE3yNITaTh, Kacaelld CBOMCTBAaTa Ha €IMH BaYKCH KIIac
OT PeaTHO3HaYHH TONTYHEIPEKHCHATH OTIONY (YHKIUH, KOUTO MOTaT Jia IPUeMar W CTOWHOCT
Oe3KpaifHOCT, HapeYeHH (DYHKIUH ¢ KBa[paTHYHA ONeHKa oTnoy (primal lower-nice functions)
u BbBejeHH 1pe3 1991 1. ot Poliquin B [136] u Ha NpOKCHMAIIHO PETYISIPHU MHOXKECTBA (Prox-
regular sets), KOMTO Ca TAKHBA MHOKECTBA, YMHTO HHIUKATOPHU (DYHKIHH €A MPOKCHMAIHO
perymipun ¢yukiun (prox-regular functions) — wiac ot ¢yHknuu, BBEBEAeH Tpe3 1996 1. ot
Poliquin u Rockafellar 8 [137].

Knacwkr Ha QyHKIIMATE ¢ KBaJpaTHYHA ONCHKA OTJONY 3HAYMTEIHO pa3lTupsBa Kiaca Ha
GYHKITMATE, KOUTO TPUTEKABAT TOIKOBA JOOPO TIOBE/ICHHE, KOTKOTO H3MMFKHAINTE (BYHKITHH 10
OTHOIIICHHE HA TAXHATA PEryIspH3amus, TAXHATA HHTETPYEMOCT, TEXHUTE CBOWCTBA OT BTOPH
pen ¥ T.H., Kakro Moxke ja ce puau B Poliquin [136], Thibault and Zagrodny [160], Levi,
Poliquin u Thibault [111], Bernard, Thibault u Zagrodny [16], Marcellin u Thibault [115] u
MUTHPAHATA TaM ITUTEepaTypa.

B [137] (pecn. [136]) eaun OT OCHOBHUTE PE3y/ITaTH ¢ BakHA CyOnuepeHInaina xapak-
TEpU3aIKs B MOCOKA Ha J00pe W3BECTHHA PE3YATAaT, Ye MOMYHENPEKhCHATA OTJA0NY (QyHKIHUSA
¢ M3MBbKHATA TOTaBa U CaMO TOTaBa, KOTaro HEWHUAT cyOaudepeHnuan ¢ MOHOTOHEH. TO3H
pe3yaTar, XxapakTepu3upan| U3nbKHATHTe (QYHKITHE TBpBO ¢ noiy4deH ot Poliquin B R* u mo-
KBCHO € JIOKa3aH B MPpou3BOIHO OanaxoBo npocrpancTio oT Corea, Jofre m Thibault 8 [52]. 3a
GYHKITME ¢ KBaIpaTHYHA OTICHKA OTIOTY XapaKTepH3aus Ype3 XUIIOMOHOTOHHOCT Ha OTpe/ie-
JAcHU oTcH4Yanus Ha cyOaudepennuana um ¢ aajacua or Poliquin B [136] B R” u npogbikena
B KOHTEKCTa Ha XHIOepToBO mpocTpancTtBo oT Levy, Poliquin u Thibault 8 [111]. B napar-
pad 1.1 nokazeame xapakTepu3anusi Ha QYHKIUH ¢ KBJApaTHIHA ONCHKA OTI0TY B DaHAXOBO
HPOCTPAHCTBO 4Ype3 CBOMCTBOTO XWUIIOMOHOTOHHOCT Ha OTPEICICHH OTCHYAHWS HA TCXHHUTE
cyonudepenrmanu (Teopema 1.1.6). Pesynraret ¢ nyOnukysan B [94].

B [136] Poliquin mokaspa, 4e 3a QyHKIUS ¢ KBapaTu4Ha ONEHKA OTA0my B R"” mpokcu-
ManHuAT cyoaupepennman u cyomudepenmuantt Ha Clarke ceenagar. Coimuar pesynrar e

7
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Jokazan B xunbeproro npoctpanctBo oT Levy, Poliquin u Thibault 8 [111]. B maparpag 1.2
YCTaHOBSBAME TOBA CBOMCTBO 3a (DYHKIUS C KBaJPATHYHA OICHKA OTJIONY B THAJKO OAaHAXOBO
npocrpancteo (Teopema 1.2.2). Pesyararsr ¢ nyonaukysad B [95].

Mpoxcumanuo perynsipuure Gynknuu B R”* ca peBejgenn ot Poliquin u Rockafellar, karo
T€ BBEBEXK/JAT U KOHIEMIIHATA 32 TIPOKCHMAITHA PEryAsPHOCT Ha MHOKECTBA. Ta3u KOHIEIIHS €
paseuTa B XUI0epTOBO MpocTpaHcTBo oT Poliquin, Rockafellar u Thibault & [138].

KrnackT Ha MpOKCHMAITHO PETYIsSPHHTE MHOKECTBA € MO-THUPOK OT KIIAaca HAa M3MBKHAIH-
T€ MHOXKECTBA KaTO0 B CBITIOTO BPEME TE3H MHOKECTBA TPUTEIKABAT TOJsIMA YacT OT XyOaBH-
T€ CBOMCTBA HAa M3IPKHAIUTES MHOXECTBA IO CE OTHACS 0 NMPHUIOKCHHSA B ONTHMH3ANUATA,
ONITHMAITHUS KOHTPOI U JIp., KAKTO MOXE Ja c€ 3a0eNexH OCBCH B IUTHPAHUTE MO-TOpE pa-
ootu u B padorure Ha Clarke, Ledyaev, Stern u Wolenski [45], Thibault [158], Marcellin u
Thibault [115], Edmond u Thibault [68], Maury u Venel [116] u ap. Te3u MHOXKECTBA Cb-
MO Taka ydacTBar u B JU(EPCHIMATHN BKIIOUYBaHUS 0T Mexanukara (eux Harp. Colombo u
Goncharov [48], Edmond u Thibault [68], Thibault [158]), npu pasupenensiHeTo Ha pecypcH
B ukoHomukara (Bwk Hanp. Thibault [158]), npu 3agaum ot ynparienue Ha ThamuTe (Maury
u Venel [116]), B TeOpeTHUHN H3CICABAHUS HA T.HApP. KU3HECIIOCOOHOCT HA PEINCHHUATA HA
JudepeHnranny BKIIOYBAHUS TIPU HAKakBH orpanudcHus (BK. Hamp. Thibault [158]), u T.H.

B naparpag 1.3 u maparpad 1.4 nokaspame peauina CBOHCTBA HAa TPOKCUMAIHO PETYISP-
HHTE MHOXKECTBA B PABHOMEPHO M3IMBKHATH OaHAXOBH TpOCTpaHcTBa. Pesynrarure ca myonwu-
kyeanu B [18] u [19] croTBETHO.

1.1 OTHOCHO CBOICTBOTO KBAJAPATHYHA OLCHKA OTAOJY

Poliquin & [136] noka3ea, ye GyHKIHUTE C KBaJpaTHyHa OTCHKA 010y (primal lower-nice
functions) B kpaiiHOMEPHH POCTPAHCTBA HAITBIHO CC XaPAKTEPUUPAT Upe3 TeXHUs CyOaude-
pennuan Ha Clarke-Rockafellar. ToBa € NbpBHAT roJIsIM KJIac OT HEH3ITBKHAIN HOTYHETPEKBC-
HATH OT/100y (DYHKIMH ¢ TORA CBOMCTBO. CROWCTRBAaTa HA TEC3W (YHKIUH B OC3KpallHOMEPHU
XHJIOCPTOBH MPOCTPAHCTBA ca u3cineapranu noapoduo ot Levi, Poliquin u Thibault & [111],
Thibault u Zagrodny 8 [160], Combary, Elhilali, Levi, Poliquin u Thibault & [47].

Hwma nBe ecTecTBEHM JSQUHUITMH HA CBOWCTBOTO KBapaTHYHA OICHKA OTAOIY: €HATa €
MOCPE/ICTBOM OICHKA OTJ0TY ¢ passutueto no Teinop (Jedunumus 1.1.4), a gpyrara BKIO4Ba
camo cyonudepennuanu (Jeunuus 1.1.5). Bropara B ACHCTBUTSIHOCT ¢ CBOHCTBOTO XHIIO-
MOHOTOHHOCT Ha OTIpE/ICICHH OTCHYaHMs Ha cyOaudepennuana. EkBUBaIeHTHOCTTA HA TE3H
JBe JcUHUITAE MOXKE Jla €€ pa3miek/]a ChINO Taka Kato cyoaudepeHIuaina xapakrepusa-
IUsl HA CBOWCTBOTO KBaJpardvHa OmeHka otaoiay (primal lower-nice property) u ¢ jgokazana
ot Poliquin B [136] B kpaitnomepro npoctpanctBo u ot Levy, Poliquin u Thibault B [111] B
XHJIOCPTOBO MPOCTPAHCTRO.

Hue nokazeame, ye jaBere JeUHUITHH Ca CKBUBAJICHTHH B MO-OOIMH TPOCTPAHCTBA W 32
mo-00mmu cyoaudepennuany. [1o TO3W HAYMH TTOKA3BaMe, Ue T€ ONPEJACIAT €JMH M CHIN KITac
OT (DYHKITUH ¥ OTTOBapsME MO TO3W HAYMH Ha BhIpoca, mocrasen or Combary, Elhilali, Levi,
Poliquin u Thibault & [47].

Axko He ¢ yrouneno apyro, (X,| - ||) ¢ peanHo 0aHAXOBO MPOCTPAHCTBO, T.C. IBJIHO HOP-
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MHPAHO TPOCTPAHCTBO. X* € HErOBOTO CIIPErHATO HPOCTPAHCTBO, T.C. MPOCTPAHCTBOTO OT HETI-
peKbcHaTH TUHEHAN QyHknuonamy Hajg X. Ako x* € X*, mumiem (x, x*) 3a croiHoCTTa Ha X"
B x € X. Ja manomunm, ue ciabama mononozus w(X, X*) ¢ Hai-mamkara Tomomorus B X 10
OTHOIIICHHE HA KOSATO BCUYKH QyHKIHH (-, x*) (x* € X*) ca HenpekbcHATH U Ye crabama” mo-
nonozua w(X*, X) e naii-mankara Tomosorust B X* 00 OTHOIICHHE HA KOSTO BCHYKH (PYHKITHH
(x,-) (x € X) ca menpexwscuard. Osnagapame ¢ B[x,r] (pecu. ¢ B(x,r)) 3areopenoro (pecr.
OTBOPEHOTO) KBIOO C NEHTHP X € X W paauyc r. 3aTBOPEHOTO (PECIl. OTBOPEHOTO) STHHUIHO
k6100 B X o3uauarame ¢ B (peci. ¢ B°).

bopronozus B X e paMuiiust 0T OrpaHUYCHHU TOIMHOKECTBA Ha X, KOATO MMa CBOMCTRATA!
{x} eBasBcako x € X; Acf, DCA = D < [5. banaxoBoTo mpocTpancTBO X ce Hapwda
[B-2nadko 1o OTHOIICHUE HA OOPHOIOTHS 8 aKO CHINECCTBYRA JIHIIIUIIOBA KAMOAH08UOHA (T.€. ¢
HETIPa3eH oTrpanuydeH HocuTen) QyHKIus b € Cé(X), KB/IETO

Cé(X) ={ f:X—>R : fe mubepeunupyema no Gateaux u npousBOHATA U €
HETPEKBCHATO H300pakenue oT X B X*, cHab/EHO ¢ TOMONOTHITA HA
paBHOMEpHATA CXOMMOCT BhPXY WICHOBETE HA OopHOIOTHsTA 3 }.

Bcesiko mpocTpaHCTBO, KOSTO MMa CKBUBAJICHTA HOPMA, KOATO ¢ 8 audepeHnupyemMa BbpXy
enmunnynata cdepa, e S-rmagako. OOpaTHOTO HE € BAPHO, KakTo € mokazano ot Haydon B [83].
Oyukius [ X — R U {+oo} ce Hapuya nonynenpekvcHama omoony € xo ako f(xp) <
lig %Cnf f(x) u nonynenpexvcrama omooay ako € NOAYHEHPEKHCHATA OT/0INY BBB BCSKO Xp € X.
0

Oyukiust [ @ X — R U {+00} e codcmeena ako HE npueMa CTOWHOCT +00 HABCIKBJIC, T.C.
JomeiasT 1 dom f # @, kpaero dom f = {x € X : f(x) € R}.
Pasmiexxame S-rmaapk cyomudepennuan — uies, kosato Bogu 1o Crandal u Lions [55].
Axko 8 ¢ bopaomnorus B X u f : X — R U {+0c0} ¢ cobcTBEHA M MOIYHEIPEKBCHATA OTHOJY
byuknus, TO S-enaoxuam cybougeperyuan vHa f B X € MHOKECTBOTO

Dgf(x) = W(x): ue Cé(X) " f — u uMa TOKaICH MUHUMYM B X},

axo x € dom f u Dgf(x) = @, ako f(x) = +oo.
Caenpaiixu Thibault u Zagrodny [160], Correa, Jofre u Thibault [52], loffe [89], Borwein
u loffe [26] paborum ¢ abctpakren cyOnudepeHIuaieH oneparop:

Hedunumus 1.1.1. A6cmpaxmen cyboughepenyuanen onepamop 0 ¢ oneparop, KOUTO acoIu-
upa ¢ Beska GyHkmug f : X — R U {4+00} 1 Besika Touka x € X moaMHOXecTBO Jf(x) Ha
X*, koeto ce Hapuya abcmpaxmen cybougepenyuan Ha f 8 X ¥ 3a KOCTO Ca B CHJIA CIACIHHTE
CBOWCTBA:

Ceroiictro 1. 0f(x) = @, ako x ¢ dom f;

CeroiicTro 2. Jf(x) = dg(x) xoraro f W g CHBIIJaT B OKOJIHOCT Ha X;

CeoiicTBo 3. 0f(X) chBuasa ¢ u3nbkHaMMs CyOudepeHnua, ako f ¢ U3IbKHAJIA,

CroiicTBo 4. AKO g € M3ITBKHAJIA W HENPEKBCHATA, f € MOTyHENpeKsCHaTa OTAONY U f + g
UMa TOKAJICH MHHUMYM B X, TO 32 BCAKO £ > () chimecTByBat X, v € X u p € 0f(x), g € dg(y)
TaKHBa, 4e

X = xoll <& [y —xoll <& [f(X) —fxo)l <& u |lp+ql <e



10 [Iiapa 1. @yHKIHE ¢ KBaIPATHIHA OI[EHKA OT/I0JIY H MPOKCHMATHO PETYIIPHH MHOXECTBA

Karo uznomeame neduaunmsaTa 3a abctpakren cyoaudepeHuar v BapuanuOHHHS TIPUH-
mun #Ha Ekeland noxassame

Teupaenue 1.1.2. Heka X ¢ Ganaxoro npocTpacTro, d ¢ abctpakren cyOnubepennuan, f :
X — R U {+oo} e momyHempekbcHaTa OTJ0Ty, @ g : X — R e u3mbKkHamTa HENmpeKhCHaTa
¢bynxrus. Heka y, € v 6 ca ajieHH MOIOKUTEITHA YUcIa. AKO X € TakoBa, 4e

(f +&)(xo) < inf(f +g)(x) + &
TO ChINECTRYBAr X, y € X u p € df(X), g € 0g(y) Takupa, ue

_ & _ £
||x0_x||<;+5, IIXO—yII<;+6, llp +qll <u+9,

[f (x0) = fOOI < &+ 62 + ) + [g(x) — g(x0)l.

Ot TO3M pe3ynTar cie/pa, 4e JOMSHHBT Ha adcTpakTeH cyOudepeHiuan ¢ recT B JOMeHHa
Ha HOJYHEHPEKBCHATA OTA0AY (DYHKITHSL.

Hokazsame, ye S-Tnajikute cyoaudepennuam ca abcTpakTHu cyoaubepeHnuam B S-Tiajku
0aHaxoBH MpocTpancTBa. TBEPICHHUETO | JOKA3aTENCTBOTO ca JaJIeHH 32 riajkocT no (Gateaux,
THIl KATO CE MPABAT 1O MOJ00CH HAYKWH 33 BCHYKH BHJIOBE IIIAJKOCT, OT KOUTO Ta3u mo Gateaux
¢ Haii-cnabara. B JeWCTBUTEIHOCT JJ0Ka3BaMe mo-o0II pe3yaTar, a IMEHHO

Teopema 1.1.3. Heka X ¢ riagxo nmo Gateaux Oanaxoso npocrpanctio, f @ X — R U {+o0} ¢
MOJYHENPEKbCHATA OTAONY U g : X — R ¢ JOKaTHO PaBHOMEPHO HENPEKbCHATa (HYHKITHA. AKO
f + g uma ToKaICH MUHUMYM B X0, TO 3a BCsiko € > () cwimectByBar X, vy € X u p € Dgf(x),
q € Dgg(v) Takupa, ue

lx—xoll <& [y—xol <& f(X)-flxo)l<e u |p+qgl<e

[o-0y mapamMe ABeTE U3BSCTHH JCHUHHUITMH HA CBOHCTBOTO KBAJIPATHYHA OIICHKA OT0/1Y
(primal lower-nice property). B Tax X e 6anaxoBo npocTpaHcTBo, a 0 ¢ abcrpakreH cyoaude-
peHIHAIL

Hepunumus 1.1.4. Heka f : X — R U {+o0} e momynenpexbecHara oTnony ¢yuknusa. DyHk-
nusra f e ¢ 0 keadpamuuna oyenxa omoony (0-pln Hakparko) B X € dom f ako cwInecTByBar
A>0,¢c>0,T >0 rakupa, 4e

!
FO) = f)+(p,y = x) = 5l = 1
korato t > T, x e X+ AB°, ye x+ AB°, p e df(x), u ||p|| < ct.

Hepunumus 1.1.5. Heka f : X — R U {+o0} e momynenpexbeHara ornony ¢yuknusa. DyHk-
nusra f e ¢ 0 keadpamuuna oyenxa omoony (0-pln nakparko) B X € dom f ako cwInecTByBar
A>0,¢c>0,T >0 rakupa, 4e

(P—qx—y) = —tllx =y
korato t > T, x,y € X+ AB°, p € 0f(x), g € 8f(y) mw max{||pll, llgl} < ct.

Teopema 1.1.6. Besika ¢pynkius f, koato e d-pln B X € dom f cermacuo Hedununus 1.1.4 ¢
O0-pln B X cernacuo Jeduuurus 1.1.5 u oOparuoro.
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1.2 Cyb0aundepenunajHa xapakrepu3anus Ha (YHKIHMHU ¢ KBaJapa-
THYHA OLEHKA OTA0JY B INIAJAKH 02AHAXOBHM NMPOCTPAHCTBA

Poliquin gokasea B [136], ue cyonudepennmanst na Clarke-Rockafellar u npoxcumannaust
cyonubepenrman Ha QyHKIHMS ¢ KBAJAPATHYHA ONCHKA OTA0AY B KPAHHOMEPHO HPOCTPAHCTBO
chBrajar. ToBa 03Ha4aBa B YAaCTHOCT, Y€ aKO JC(HUHHITUATA HA KBAAPATHIHA ONECHKA OTJOIY
(emx Jdedunurms 1.1.4 u depununus 1.1.5) ce B3eme cupsimo cyOaudepennuana va Clarke-
Rockafellar, me ce monyun chbimust kiaac ot ¢pyHkinun. OCBEH TOBA, TE3U (YHKIIMU HAIIHITHO
ce xapakrepusupar upes texuus cyoaudepennuan va Clarke-Rockafellar, sux [136]. Tora ¢
OBPBHUAT TOISM KJIAC OT HEM3ITPKHAIN TIOTYHENPEKBCHATH OTAONY (QYHKIHH C TOBA CBOWCTRO.

CeBruasaneTo Ha npoxcuMainus cyonudepennuan cwe cyoaudepennuana va Clarke-Ro-
ckafellar na QyHxnms ¢ kBajgpaTHIHa ONEHKA OTAOINY, JeUHUpaHA B XUIOEPTOBO MPOCTpaH-
ctBo ¢ ycranoeHo oT Levy, Poliquin u Thibault [111]. TsaxHoTo moKa3aTencTBo HM3MOI3BA
npezacrassue Ha cyonudepenmana na Clarke-Rockafellar B xunbeproBo nmpocTpaHcTBO KaTo
CCKBCHITMAJIHA TPAHMIIA HA NMPOKCHMAalHU CcyOaudepennuanu, Hanpaseno or Loewen [114].
Toii karo Mo O0HO MPEJICTABIHE € HAIMIE U B ITIAJKO 0aHAXOBO MPOCTPaHCTBO (BHK Borwein
u loffe [26] u Ivanov [91]) pesyararsT Ha Levy, Poliquin u Thibault ¢ e3moxHO na Obje
HNPOIBIKCH 32 TAKHBA TPOCTPAHCTBA.

Ioxka3zsame, e cyonudpepennuanst Ha Clarke-Rockafellar u npoxcumanuust cyoaugdepen-
nuan Ha QYHKIHMS ¢ KBapaTHYHa ONEHKA OT/0NY, AchuHupana B S-Tnajko 0aHaxoBO MpPOCT-
pauncteo chemnajar (Teopema 1.2.2). Tlomydenust pe3yaTar moka3sa, 4¢ KIachT HA (PYHKITUHTS
€ KBaJpaTU4Ha OIEHKA OTJONY HE 3aBHCH OT TOBA KAKbB MPHEMIMB cyOmudepeHnuan ¢ us-
MoJ3BaH npu JeuuunumsaTa Ha knaca. ToBa Moke OWM 03Ha4aBa, 4e € BH3MOXHO CBOWCTBOTO
KBaJIpaTUdHa ONCHKA OTA0NY Ja ObJe XapakTepPU3UPaHO B TEPMHUHH, KOHTO HE BKIIOYBAT CYO-
nudepennuany.

Ha wanomuum, ue cybougepenyuarvm na Clarke-Rockafellar (nnu cybougbepenyuanvm
na Clarke) na coOcTBeHa monyHenpekbcHara oraony ¢gyakius f © X — R U {+oo} B TOuKa
x € dom f ¢ MHOXXECTBOTO

dcf(x)=1{p e X : flx;v) > (p,v), ¥v e X),

KBACTO
t _
f1:v) =lim limsup_inf SO+ mw) —f0)
£,

yopx  WEV +eB {
¢10

¢ obobmenara npoussonna na Clarke u y —¢ x osnadasa, ue (v, f(¥)) xionu koM (X, f(x)) B
X X R. Ako f(x) = +o0, TO dcf(x) = @.

Ha nanomuum u ye p € X* ce HapU4da npoxcuMaieH cyoepadueHm Ha NOIyHSIPEKhCHATATA
orpoy Gynknus f: X — RU {+co} B x € dom f u ce 3anucsa p € d,f(x), axo 3a naxoe ¢ > 0
HEPABCHCTBOTO

F0) = £+ (pyy = 3) = 2y = 4P

¢ B CWJIA 3@ BCHYKH V B OKOTHOCT Ha X. MHOKECTBOTO OT BCHUKH TAKUBA P CC HAPWUYIA HPOKCU-
manen cyboughepenyuan va f B X.
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[No-nararek B maparpada padoTuM B S-raajgiko 0aHaXxOBO mPOCTPaHCTBO X M ¢ B-IIajbK
cybaudepennuan Dg. B T03u KOHTEKCT € €CTECTBEHO Ja pasriexaame Dg-pln Qynxiuu.

Honyuenpexscuara oTaoay dyukmus [ X — RU{+co}, nedunupana e S-riaaxo 6aHaxoBo
npoctpancTBo X € ¢ Dg ksaopamuuna oyenka omoony (Dg-pln nakparko) B xp € dom f axo
cemmectByBar A > 0, ¢ > 0, T > 0 Takupa, 4c

F0) = £+ (pyy =3 = 2y = 4P

koraro t > T, x € B(xo,A), y € B(x, 1), p € Dgf(x), u ||pll < ct (r.e. Hebunummsa 1.1.4 3a
cybaudepennuana d = Dg).
OueBnHO, B 0aHAXOBO TPOCTPAHCTBO X,

Opf(X) C dcf(X),

a B B-rnajiko 0aHaXOBO MPOCTPAHCTRO X,
9pf () € Dpf(3) € de f ().
Ot Jedunumus 1.1.4 ¢ sicHo, ye ako f ¢ d-pln B xp, 10
df(x) NctB* C 0, f(x) 3a Besiko x € B(xo, A).

Koraro ¢ynkius f e 0-pln BeB Bcuukw Touku ot dom f, f ce mapuua d-pln.
OcHoBHEST pe3yaTar B maparpada ¢

Teopema 1.2.2. Hexa X ¢ S-riaako 6anaxoso mpocTpanctso u f : X — R U {+oo} ¢ Dg-pln
Gynkmus. Torasa d,f = Dgf = 0cf.

3a0enexka 1.2.3. He Beska Gyskius f, 3a koato d,f = dc f € ¢ KBaJpaTudHa OICHKA OT/IOLY.
Ha pazrnepame vanpumep f : R — R nedunupana karo

X 1
2 .

Jlecno ce mposepssa, ue f ¢ Apykparno pudepeHmupyeMa nascakbae. Cieopareano, d, =
Ocf ={f'}, vo f ue e ¢ kBaaparuuna onenka oraoay B (. B nporusen cirydaii s Ou TpsOBaio
fokamHo aa ymosaersopssa f7 > —C(|f’| + 1) 3a makos xoucranta C > 0. [ocaeanoro 6u
JOBEJIO JI0 TORA, ue f”/ ¢ OrpaHUYeHa OTJ0IY B OKOIMHOCT Ha 0, HO lim i51f f7(x) = —o0.

X—>

1.3 Xapakrepu3anuuMu HAa NPOKCHMAJHO PeryJspHH MHOKECTBA B
PABHOMEPHO U3NbKHAJIM 0AHAXOBH NMPOCTPAHCTBA

B To3u maparpad npoabikaBaMe 0 paBHOMEPHO U3MBKHATH OaHAXOBH MPOCTPAHCTBA pe-
3yATATH 32 TPOKCHMATHO PETYISPHH MHOKECTBaA (prox-regular sets) momydeHu B XUIOESPTOBH
npocrpancTsa. [IpoxcumanHara perymipHocT Ha MHOXkecTBO C B Touka x € C € BapHanu-
OHHO YCIIOBHE, CBBP3aHO C HOPMAIHUTE BEKTOPH, KOETO € IPHCHII0 HA MHOTO MHOXCCTBA.
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B koHTEKCTa Ha PaBHOMEPHO M3MBKHAIO 0AHAXOBO MPOCTPAHCTBO MOKA3BAME, Y€ CBOWCTBOTO
MPOKCHMAITHA PETYIIPHOCT HA 3aTBOPEHO MHOXECTBO C B TOYKA X € CKBHBAJICHTHO HA HETpe-
KbCHATa JU(PEPECHITUPYEMOCT Ha (YHKIMATA pa3cTosHUE W3BHH C B HAKAKBA OKOJHOCT HA X.
JONBIHUTETHA XapaKTepU3aiy JaBaMe B TSPMUHUTE Ha MeTprueckara npoekius. CeIo Ta-
Ka M3CIe/BaMe KaKk Ha TI00aTHO HUBO CBOWCTBOTO MPOKCHMAITHA PEryIAPHOCT CHOTBETCTBA
Ha HETPEeKhCHATA JTUPESPEHITUPYEMOCT Ha (PYHKIUATA pa3CcTOSAHHE dc BHPXY OTBOPEHA TpHOa C
paBHOMEpHA Je0erHa 0KOI0 MHOXKECTBOTO .

Ha rnobanuo nueo, B xuindeproeo npocrpancteo Clarke, Stern u Wolenski [46] ereexiar
W M3y4aBatr NPoOKCUMATHO 2nadkume mHodicecmed. Te3u MHOKECTBA ca 3aTBOPCHH MHOMKECTBA
C, 3a kouTO (PYHKIMATA PA3CTOSAHUE dc € HENMPEKBCHATO JuEpEHITHPYEeMa B OTBOPEHA TPhOa
oxono C oT BUa

Uc(r) ={ue X :0<dc(u) <r}

3a Hakoe ¥ > (. B kpallHOMEpHH MPOCTPAaHCTBA TE3M MHOKECTBA Ca NOLONCURIETHO OOCHU-
arcumu nio Federer [73] m obparnoto. Clarke, Stern m Wolenski xapaxrepusupar B XxundepToBo
HNPOCTPAHCTBO MPOKCHMAITHO T JKUTE MHOXECTBA MO HIKOIKO HHTEPSCHH HAYMHA, B YACTHOCT
B TCPMHHHUTE HA MTPOKCHMAITHUTE HOPMAJIM U Ha W300pakeHueTo Pc.

Ha noxamHo HWBO, HACKOPO HANpeIbK B M3ydaBaHeTo Ha MHOXecTBa C, 3a KOWTO dc €
JaokaaHo audepeHIEpyeMa U Ha CHEJCTBUATA OT TOBA 32 M300PaKEHHETO METPUYCCKA IMPOo-
exiusi Pe ocwriecrespar Poliquin, Rockafellar u Thibault [138], kouto B xunbeproso mpoc-
TPAHCTBO BB3NPUEMAT JpyTra IIe/HA TOYKA Karo TPaBsT BPB3KA ¢ JOKATHO CBOMCTBO Ha C,
HAPCUCHO NPOKCUMATHA pezyaapHocm. Tosa CBOHCTBO € BHBEJCHO KaTro HOB THUIT PErYASPHOCT
BHB Bapuanuonnus aHamu3 or Poliquin u Rockafellar [137]. Boraru reomeTpuynu ciaecTBUs
W XapaKTepHCTHKU HA Ta3W KOHICMHs ca moiaydeHu oT Poliquin, Rockafellar u Thibault. B
Taxaara padora [138], Te pasriexaar B XHJIOCPTOBO MPOCTPAHCTBO CBOWCTBOTO IPOKCHMAITHA
peTyIspHOCT Ha 3aTBOpeH0 MHOKecTBO C B X € C W TO XapakTepu3Hpar B TCPMHUHHTE HA dc
u P, xaro nanpumep de na 0bje HenpekbCeHATO AudepeHnupyema m3ebH C B OKOJHOCT Ha
X i Pc ja ObJic HO3HAYHO W HENPEKbCHATO (OT HOpMHpaHara B ciadara TOIMOJIOTHS) B
chimara okomHocT. CHINO Taka Te Japar cyOudepeHmaina xapakTepusarys Ha TaKHBa MHO-
JKECTBa TIOCPEACTBOM HOpMaHus konyc Ha C. Ha rmobamno HMBO Te MOKa3Bar, 4ye MpOKCH-
MAITHO TIJKHTE MHOKECTBA Ca TOUHO PABHOMEPHO HPOKCUMAIHO PESYiApHUMEe MHOXECTBA U
JICMOHCTPHUPAT HOB TIOTIIC/ BPXY TE3H MHOXKCECTBA.

Hue npoabiokaBaMe TEXHUTE PE3YJITAaTH B TO-O0NTHS KOHTEKCT HA PABHOMEPHO M3MIBKHAIIO
0aHaxoBO TMPOCTPAHCTBO W HAMHUpAME TEXHH aHAIO3M B KOHTEKCTA HA TE3W TPOCTPAHCTBA.
PabotuM ¢ BBBEICHO OT HAC CBOMCTBO, aHAIOTHYHO HA TIPOKCHMATHATA PETYISPHOCT.

B noamaparpad 1.3.1 napame geduHUIMATA W pa3TaekaaMe MBPBUTE CBONCTBA HA TPOK-
CHMAIHO PETy/IsIpHA MHOXECTBA B PAaBHOMEPHO U3NBKHANO 0aHaxoBo mpocTpancTeo X. CohIno
TaKa BHBEXKAAME U PEICBAHTHH AS(HUHUITAH 328 (YHKIIMH U MHOTO3HAYHH W300pakeHus. B moj-
naparpag 1.3.2 uzyuarame cpoiicteara Ha jokajaHuTe 00BHBKM HAa Moreau Ha Qyukiuu B X. B
nogmaparpad 1.3.3 napamMe HSIKOJIKO XapaKTSPU3AIUH HA MPOKCUMAIIHO PEIYIsSPHHA MHOXECTRA
B X (Teopema 1.3.25) mpoasmkapaiiku 1mo To3u HauuH pesyaratute Ha Poliquin, Rockafellar
u Thibault [138]. B mocneanust noamaparpad 1.3.4 usnonsBaMe HAKOW OT TEXHHKHTE, pas-
BHTH B NPSIUIIHUTE mojanaparpadu, 3a jga nonyaum B Teopema 1.3.27 pasauduu pesyarard
nojio0HM Ha Te3W B Xapakrepuzanuonnara Teopema 1.3.25 3a NpoKCHMAITHO THAJKH MHOXEC-
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TBa, HO Beue Ha riobamHo HHBO. Taka ¢ Teopema 1.3.25 u Teopema 1.3.27 npoasinkapame
pesynraru Ha Federer [73], Canino [37], Clarke, Stern u Wolenski [46], Poliquin, Rockafellar
u Thibault [138], u Colombo u Goncharov [48].

Pesyararure ot To3u naparpad ca nyonukyeanu B [18].

B naparpada paborum B paBHOMEpHO H3IBKHAIO OaHaxoBO mpocTpancTro (X, || - ||), uusto
HOpMa ||.|| € ¢ MOAY/IM HAa PABHOMEPHA M3I'BKHAIOCT U INAJKOCT OT CTEHEH ¢ U §, ChOTBETHO.
[obpe u3BECTHO €, Y€ BCAKO PABHOMEPHO M3MBKHATIO OAHAXOBO MPOCTPAHCTBO MPUTEKABA CK-
BHBAJIICHTHA HOPMA C TIOCOYCHHUTE CBOMCTBA, KAKTO M TOBA, Y€ XMIAOEPTOBO NPOCTpaHCTBO H,
KakTo M Gamaxopute mpoctpanctsa [P, [P mu W5 (1 < p < o) (pasriexkaHu ¢ TEXHHTE 0OH-
YaifHd HOPMH) Ca PABHOMEPHO M3IMBKHAIN M PABHOMEPHO TIAJKUA C MOJYIU HA M3IIHKHAIOCT
U TIaJKOCT OT crenened Tui. CBoWcTBaTa Ha PABHOMEPHO HU3MBKHATHTE OAHAXOBH POCTpaH-
cTBa ca JeTainHo onucanu B kaurute Ha Diestel [58], Brezis [34], Beauzamy [12], Deville,
Godefroy u Zizler [57], Lindenstrauss u Tzafriri [112, 113]).

[lpn manpaBeHUTE MPEATOTOKEHHUS CIIPErHaToTo X* Ha X CHITIO € PABHOMEPHO H3MBKHATIO
¥ JlyaJHaTa HOpMA WMa MOAYI HA M3IMBKHANOCT OT cTenen ¢ = s(s— 1)1 i Moyn na ragkoct
or crener s* = g(g— 1)~

Nzobpaxenuero J : X — X* nedunupano karo

Jx) = {x" e X7 (P x) = I, XTI = (1x0)

¢ HOPMATUBUPAHOMO OYANHO u300pacenue B X, KOCTO B KOHTCKCTA HA PA3TICIKIAHOTO MPOC-
TPAHCTBO € CJHO3HAYHO, OMEKTHBHO W PABHOMEPHO HEMPEKBCHATO BHPXY OTPAHHMYCHUTE MHO-
JKECTBA OT HOpPMHpaHaTa B HopMupanara Tomomaorus, J(Ax) = AJ(x) 3a Besako A € R, [|J(%)|| =
[|x]| 1 J(x) = V%ll.llz(x) 3a Besako x € X (swx Cioranescu [43]).

HopManusupasoTo ayanHo u3obpaxenne B X* ¢ J* 1 X* — X xaro J* = J 7.

IpocrparcTeoto X X R pasrnexaame ¢ HopMmara ||| - |||, nedunupana xaro ||(x, ||| =
VIIx|? + r?. Taka 3a HOpMaJIM3UPAHOTO AyaiHo u3oopaxkenne Jxxg : X X R — X* x R, aconu-
HpaHo ¢ HOopMarTa ||| - |||, iMaMe paBeHCTBOTO

JXXR(X’ l’) = (J(X), r)-

Ha marmmomuaum, e dc(u) o3Ha4apa pasCTOAHUCTO OT i J0 MHOXeCTROTO C, T.¢. de(u) =
in(fj [t — x||, a Pc(u) = {x € C: dc(u) = ||u— x||} ¢ MHOXXECTBOTO OT BCHYKH HAN-OIM3KHU 0 I
xXe

Touku B C.
3a muOokecTBO C C X o3nagarame ¢ cl C HETOBOTO 3aTBAPAHE TIO OTHOICHUE HA HOPMHUPA-
Hara Tonoiorus B X.

Bekrop p € X ce napuya npoxcumanen nopmdaier eexkmop 3a C 8 x € ¢l C (mwx Borwein u
Strojwas [31]) axo cwmecrnysar 1 ¢ clC u r > 0 Taxupa, ye p = 1~ (u — x) u ||[u — x|| = de(w).
UzeectHo €, ot Teopemara Ha Lau [108], e B pednekcuBHo 6aHAXOBO MPOCTPAHCTBO C HOPMA
Ha Kadec MHOXECTBOTO OT TE3W TOYKH, KOMTO UMAT HAW-OMH3Ka TOYKA JO MPOU3BOTHO (HUK-
CHPAHO 3aTBOPCHO TMOJAMHOXECTBO € I'bCTO MHOXECTBO. B MOJAXOAAIN0 HOPMHUPAHOTO TpOC-
TpancTBO X, B KOCTO HHUE PabOTHM, TOBA CBOMCTBO € B CHJIA WM CIEJOBATCIHO CBHITICCTBYBAT
TMIPOKCUMAITHO HOPMAJIHU BCKTOPH BLB BCAKA TOYKA OT HAKOC I'bCTO MOAMHOXKCCTBO HA I'paHU-
nara Ha C. la 3a0enexxum, 4e MPOKCHMATHATa HOPMAaTHOCT Ha HenyleB p € X 3aC B x € clC
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CHOTBETCTBA HA CHINICCTBYBAHCTO HA HIAKOE ¥ > (), TakoBa ue X € P c(x+rp). KoHyCHT OT BCHY-
KM TaKHBa BEKTOPH p, 3aC[HO C HAYAJI0TO, O3HA4YaBame ¢ PNc(X) u Hapuyame HpoKCUMATEeH
Hopmanen Kouyc 3a C B X.

Tasu KOHIENIUSA ¢ JOKAAHA B CMHCHIL, Ye 3a BCIKO u ¢ clC u BCAKO 3aTBOPEHO KBHJIOO
V := B[x,] ¢ uenrsp B x € cl C, Takosa ue ||u — x| = donv(u) € usnbnneHo u — x € PNe(x).

HenpexscHar nuneen Gyukiuonan p* € X* ce Hapu4da ApOKCUMANEH HOPMATEeH DYHKYUO-
Han 3a C B x € clC (pwx Borwein u Strojwas [31]) ako cemectryrar u ¢ clC, r > 0 takupa,
ue p* = r 1 J(u—x) u |lu— x|| = de(u). Vinu, ekBUBAICHTHO, HEHYIeB p* € X* ¢ NpOKCHMAasIeH
unopmase gyukimuonan 3a C e x € ¢l C ako cwimectrysa r > 0, takora e x € Py c(x+rJ*(p*)).
KonychbT 0T BcHukH TakuBa (HYHKITHOHATH p*, 3a€/JHO ¢ HAYAIOTO 03HAYABAME C Ng(x). Jlecrno
ce mpoBepsiBa, ue ako p € PNc(x), To J(p) € NE(x) u 4e axo p* € NE(x), 10 J*(p*) € PNe(x).
Cuenosarenno PNe(x) u Ng(x) HA'BJIHO CC OMPEACHAT CAUH JAPYT.

Oyukiuonan x* € X* ce napuua Fréchet nopuanen gyuxyuonan (ermx Borwein u Strojwas
[31]) 3a C B x ako 3a BCsikO £ > () chimecTRYBa OKOAHOCT Uy Ha X Takapa 4¢ HEPABCHCTBOTO
X, x —x)—¢llx —x|| £ 0 e B cuma3ascuuku x’ € CN Ul.

Twii kKaro HOpMara Ha POCTPAHCTBOTO X, B KOeTO padorum ¢ nudepeniupyema o Fréchet
M3BBH HAYAIOTO, HE ¢ TPY/JHO Jia CC MPOBCPH, Y€ 3a BCAKO 3aTBOPEHO HOAMHOMKECTBO C C X
U BCsiko x € C, BCeKH MpOKCHMalieH HopMaleHn (yakmuoHan 3a C B X cpimo Taka ¢ Fréchet
nopmasieH ¢yukiuonan 3a C B x (B Borwein u Strojwas [31, Corollary 3.1]).

Hexa f : X = RU{+o0} ¢ dhyukuus. Haozpaguxama ua f ¢ muoxecteoro epi f = {(x,r) €
X X R : f(x) <r}. Scuo e, ue epi f ¢ HENMpa3HO TOYHO Koraro f ¢ COOCTBCHA U ¢ 3aTBOPCHO
TOYHO KOrato f ¢ MOIyHEIPEeKbCHATA OT/IOTY.

Hexa x € dom f. Kazeame, ue p* € X* ¢ npokcumanen cyoepaduenm Ha f B x axo (p*,—1)
¢ POKCUMAaJICH HOopMajicH (yHkmonas 3a epi f B (x, f(x)). Ipoxcumannuam cyboughepenyuan
Ha f B X, o3HaueH upe3 0, f(X) ce ChCTOM OT BCMUKH Takupa (yHkmoHanu. ClenoBareito,
uMame 4de p* € d,f(x) Toraea n camo Torasa koraro (p*,—1) € Ne[;j f(x, f(x)).

Oyukionan x* € X* ce napuua Fréchet cybepaduenm ua f B x ako (x*,—1) e Fréchet
HopmasieH GyHkiHonan Ha Haarpadukara ua f 8 (x, f(x)). Cy6ougepenyuanvm na Fréchet na
f B X, ce o3Hauara ¢ Jp f(X) ¥ ce ChCTOM OT BeHukH Takuea Qyukiuonamu. Koraro dr f(x) # @
kazeame, ye f ¢ Fréchet cyOnudepennupyema B Toukara Xx.

H3zBecTHO €, ue 3a NOAyHENPEKbCHATA OTA0AY (HYHKIHS f B pSUICKCUBHO OaHAXOBO MIPOCT-
panctso ¢ Fréchet qudepennupyema nopma na Kadec (8 uactnoct B X), muoxectsoro dom g, f
¢ recto B dom f (Buxk Borwein u Strojwas [32, Theorem 7.1]). Hero noeede, or ka3aHoTo
no-rope d,f(x) C 0pf(x) 3a Beaxo x € X.

O3HauaraMe C ¢ UHOUKAMOPHAMA GyHKyua Ha 3aTBopeHo MHOKeCTBO C C X, T.e. Yy (v)=0
ako y € C 1 Yc(y) = +oo B IpoTuBeH cay4ai. JlecHo ce mporepssa, 4e dpc(X) = Ng(x) 3a
Besako x € C.

[Too6HO Ha cay4Yas Ha NPOKCHMAICH HOPMAJICH KOHYC B XHJIOSPTOBO MPOCTPAHCTBO (BHK
Clarke, Stern u Wolenski [46] u Bounkhel u Thibault [33]) B paBHOMEPHO H3IBKHAIO MPOC-
TpaHcTBO X MOXKEM Jia M3Pa3uM KOHyca Ha MPOKCHMAIHUTE HOpManHu QyHKnuonamm 3a C B
TCPMUHHUTE HA MPOKCHMANTHUS CyOnubepeniuan a de:
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Tebpaenue 1.3.2. 3a Besko 3atBopeno MHOXkecTBO C Ha X w Besiko X € C,
dpdc(x) = NE(x) n B,

KbJeTO B* ¢ 3aTBOPEHOTO CIMHUYIHO Kb100 B X*.

1.3.1 IIpoKCHMANHO peryJsipHH MHOKeCTBA

Konnenrusara 3a MpoKCUMAanHa PEryIsipHOCT ¢ BbBejeHa 3a Gynkmun ot R” B R U {400}
ot Poliquin u Rockafellar B [137], ¢ xoeTo Te pa3mmpsBar kinaca Ha QYHKITUATE ¢ KBaApaTHY-
Ha OICHKA OTA0JY, peau ToBa pasriexganu ot Poliquin B [136]. [oamuoxkecTBo B R” ce
JeHHUpa Karo MPOKCHMAJHO peryispuo B [137] koraro Heroeara WHIHKATOpHA (YHKIHS €
MPOKCHMAITHO peryisipHa. [10-KbCHO KOHIETUATA 33 TPOKCHMATHA PETYIIPHOCT HA MHOXEC-
TBa ¢ W3y4yaBaHa W paseuTa B xuiadeproro npocrpancTeo B [138] or Poliquin, Rockafellar u
Thibault, kouTo nokazBar HelHUTE OOTATH TCOMETPHYHH HMITTUKATHH.

CBOWCTBOTO TIPOKCUMAITHA PETYISPHOCT HA 3aTBOPEHO MHOXKECTBO C €, KAKTO M B Cydas
Ha (OYHKIMH, 10KAIHO U HO NOCOKA, Kacaemio Touka X € C u nocoka p € PNc(X). Ako CROKCT-
BOTO € B CHJIA 32 BCUYKH BH3MOXHH ITPOKCHMATHO HOPMATHHU BEKTOpH 32 C B X, MHOXECTBOTO
€€ HapuJa MPOKCHMATHO PETYIApHO B X. Paszmiexk/jaiiku mpoKCHMAaTHATa PErYsPHOCT B TOUKA
Poliquin, Rockafellar u Thibault [138] mokasear, ¥e TO ¢ JOKaNM3aNUs HA KOHICIIUATA HA
Federer 3a nonoxurenna gocrmxumoct (Bwk Federer [73]) U Ha CBOMCTBOTO NPOKCHMAIIHA
rnagkoct ua Clarke, Stern u Wolenski [46]. Jlokanu3zanusra crapa siCHa OT TOBA, Y& aBTOPHUTE
B [138] mokasBaT eKBUBAJICHTHOCT HA TMPOKCHMATHATA PETYISIPHOCT HA MHOKECTRO C, HA JI0-
KaJTHAaTa C¢JHO3HAYHOCT U HEMPEKHCHATOCT HA H300paKCHUETO METpHYECKA MpoeKIust Pc W Ha
nokanuara C! peryaspHOCT Ha KBaJpara HA Pa3CTOAHHETO d% Ja0 C, KakTo U JAPYrd Xapakre-
puszaruu. TeXHUAT TOAX0/ UM TO3BOJISARA JIa MOJIYYaT U BAKHUTE HA [II00ATHO HHBO PE3Y/ITATH
ua Clarke, Stern u Wolenski [46].

Harrrero npoabinkenue Ha JeQUHANUITA HA IIPOKCHMAITHO PETY/ISIPHO MHOXECTBO B PABHO-
MEPHO M3II'BKHAIO OAHAXOBO MPOCTPAHCTRBO H3IO0/I3Ba JIYAJIHOTO H300pakeHHEe ¢ T/ Ja Objar
HAMEPEHHU XapaKTepU3allik Ha MPOKCHUMAIHATA PETYISPHOCT, MOJOOHN Ha TE3H B XHIOSPTOBO
HPOCTPAHCTRO.

Hedpunnmua 1.3.3. 3arsopeno muOXkecTBo C C X ce HapH4ya HPOKCUMATHO PESYIapHO B
xeCsap e Ng(f) aKo cwITicCTBYBAT € > O u r > () TakuBa, 4c 3a BCUUKH X € C U BCHIKA
p* e Ng(x) Takupa, € ||x — X|| < € u ||p* — P'|l < &, Toukara x ¢ Haii-OmM3Kara TOYKa 10
{(x’ € C: ¥ —%| < & ua x +rJ*(p*). Muoxkectsoro C ¢ MPOKCHMAIHO PETYISAPHO B X aKO
TOBA CBOHCTBO ¢ B CHIIA 33 BeWuKH ' € NA(X).

CrenBamoTo TBBPACHHUC TTOKA3Ba, U¢ KOHICIIUATA 32 MPOKCHMATHA PETYAPHOCT HA MHO-
5KeCcTBO B X B JICUCTBUTCIHOCT HE 3aBHCH OT IIOCOKATA.

Tebpaenue 1.3.4. 3areopeno MuHOkecTBO C C X ¢ TPOKCHMATIHO PETYASPHO B X TOTARAa U
CaMo TOrapa, KOraro € NPOKCUMAJIHO PETYIsSpHO B X 3a p° = (). AKO 3aTBOPEHOTO MHOXKECTBO
C e npoxcumanHo peryasspao B X 3ap =0 c g u r, 10 3a Besiko x € C TakoBa, ue |[x — X|| < &
M 3a BCAKO p* € NL(x) rakosa, ue [|p*|| < e,

(1.1) 0> () —r ' —x)],x —x), VYx €C takusa, ue ||x’ —X|| < &.
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[o-nararbk, KoraTo kazeame, ye C € MPOKCHMAIHO PETYISIPHO B X C £ M ¥ HMaMe TPEIBUI,
4ye KOHCTAHTUTE £ M 7 ¢4 B3ETH OT NpoKcuManHara perymsproct wa C B X 3a p* = 0.

HepagencTpo, choTBeTCTBANIO HA HepaBeHCTBOTO (1.1) B cayyast Ha QYyHKIUM BBBEXKIAME B
Hebuaunms 1.3.5 no-nony. [a orbenexum, ue 8 Bernard u Thibault [ 14] ¢ pasrnexxpana apyra
Jeduuunms, B kosito BMecTo (1.2) ce u3mon3sa KBajipaTuyHa ONeHKa OT/I0NTy, KAKBBTO € U CITy-
qgasT B Poliquin u Rockafellar [137]. B xunOeproBus ciiy4ai, GyHKIUHTS YIOBICTBOPABAIIN
JeuHUIEATA TO-JI0TY ca ¢ KBajpaTiHdHa orienka otaony (Bmwk Poliquin u Rockafellar [137] u
Bernard u Thibault [14]).

B caexpamms noanaparpad) ycranoeseame, 4¢ 00BuBkuTe Ha Moreau Ha J-plr QyHkiuure,
BbBecHU B Jdedununms 1.3.5 umar pasnuyHu BaXKHU W WHTSPECHU CBOWCTBA. Te3W CBOWCTRA,
TPUITOKEHH 33 HHIHKATOPHH (PYHKIIMH HA MHOXECTBA Ca CPEJI KIIIOUOBHTE CPE/ICTBA B HAITHTE
PasTIeHKIaHusL.

Hedunumus 1.3.5. Tlonyuenpexbcuara oroiay Qyuakmus f : X — R U {+oo} e J-peayuapna
omdony (J-plr nakparko) B X € dom f ako ChIECTRYBAT MOJIMKUTSIHH KOHCTAHTH & H ¥ TAKHBA,
ue

(1.2) fO) = f) + T (pH) -t - 0]y — x)
3a BCHUKH X,y € B(X, &), Bemuku p* € dp, f(x) 1 BCcUUKH ¢ TakuBa, 9e ||p*|| < ert.

Axo monyHenpekscHarara oraony gyuknus f ¢ J-plr B X € dom f 3a monoxuTenHu KOHC-
TAHTH € U T, TO

(1.3) U 1t -0 = JIT (@) —t(x =],y —x) <0

3a BeHuKM X,VEB(X, ), 3a Bemuxu pred,f(x), ¢'€d,f(y) u 3a BCHUKM ! Takupa, dYe
max{||p*|l,llg*lI} < ert. Toa ¢ aHamOT Ha XUTOMOHOTOHHOCTTA HA OMPCIACIACHH OTCHYAHHS
Ha 0, f, npuchIna Ha QyHKIMUTE C KBAJAPAaTHYHA OIEHKA OTA0TY B XHIOEPTOBO IPOCTPAHCTBO
(emx Poliquin [136], Levi, Poliquin u Thibault [111], Bernard, Thibault u Zagrodny [16] u 1u-
THPAHATa B TSAX JHTEpaArypa). XMIOMOHOTOHHOCTTA 00a4e HE ¢ IMOAXO/AIIA B HAIUS KOHTCKCT
Ha PABHOMEPHO U3N'BKHAIO 0aHAXOBO MPOCTPAHCTRO, MOPAIH KOSTO BHBSIK/IAME CJIC/[HATA TSIC-
HO CBBP3aHa C HEs KOHICIIUs, KOATO HAPHIAME J-XHIIOMOHOTOHHOCT.,

Hedunumus 1.3.6. Muorozuauno uzodopaxenue 1 : X =3 X* ce Hapuva J-XxunomoHOmMoOHHO
or crenen ¢ > 0 axo 3a Beuuku (x;,x7) € gphT = {(x,x") e X x X" : x* e T(x)}, i = 1,2, ¢
HU3IIBIHCHO

I () = 10 = x)] = I (%)) — (x1 = x2)], %2 — x1) < 0.

H3znomseame u monstueTo 3a orcuyane ot Bernard, Thibault u Zagrodny [16]: ako T : X =
X* e MHOTO3HAYHO H300paxkeHue u ca gajenn € > 0 u ¢ > 0, To &, r-omcuyane na T B TouKara
X € X e MHOTO3Ha9HOTO H300paxenue 15 ,, ASHHHUPAHO KATO

gphT5., = {(x,x") egphT : [x =% <s, Ix*|| < 1}.

[pu puxcupanu X u €, Tz, 0O3Ha4aBaMe IPOCTO C 1;.
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Ot (1.3) Buxjame, ue axo Gynknus f e J-plr X 3a gu r, 10 (0, /)5 c,6r¢ € J-XUILOMOHOTOHHO
OT CTENeH ¢ 3a Besiko ¢ > (). B ciieABammoro TBEpJCHUE TTOKa3BaMe, Ye MPOKCHMAITHATA Pery-
JSIPHOCT Ha MHOXecTBO C Bilede CBOMCTBOTO J-plr Ha HeroBara MHIWKATOpHA (QYHKIHA Y/C.
ExBuBaNICHTHOCTTA € MOJIy4CHA TTO-KBCHO B Teopema 1.3.25.

3a o > 0 o3nagaBame ¢ Né’" MHOTO3Ha9HOTO H300paskenne NL, anuro oGpasu ca oTceueHu
or o B, Te.

(1.4) NE7(x) .= NE(x) noB* 3aBesxo x € X.

Tebpaenue 1.3.7. Axo 3arBopeHoTO MHOXKECTBO C C X ¢ MPOKCHMATHO PErymsipHo B X € C
3a £ U r, To uHauKaropuara Gynknus ¢ wa C e J-plr B X u caeposarenno (1.3) miede 3a
BCAKO ¢ > () J-XHIIOMOHOTOHHOCT OT CTENeH [ B B(X, £) Ha MHOTO3HAYHOTO M300paKCHUS Ng T,
KBJACTO O .= &rt.

Jlema 1.3.8. Heka 7' : X =3 X* ¢ orpani4eHO MHOIO3HAYHO U300pakeHue (T.¢. HEroBUsIT 00pa3
T(X) := UyexT(x) ¢ orpannueHo MHOKECTBO B X*), KO€TO € J-XHUIIOMOHOTOHHO OT CTCIICH 7.
Toraea 3a BCsiko r > 27 uzoOpaxkenuero (I + o T)_1 € CTHO3HAYHO B CBOS JIOMCHH H
%—Hélder HENPEKHCHATO B CEUCHUETO MY C MPOU3BOJIHO OIPAHHYCHO MHOKESCTRO.

1.3.2 Jloxannu o0BUBKHM HAa Moreau

B To3u moamaparpad morygaBaMe HIKOM CBOWCTBA Ha d% U Pc BBB BpB3Ka C PE3yITaTH 32
Taka HApEUCHUTE JIOKATHU 0OBHBKH Ha Moreau Ha QyHKIUH.

Heka f : X — R U {+o0} e nonynenpekbscHara otaony ¢ynknus u W C X e HenpasHo
3aTBOPEHO MHOXKECTBO, KBJICTO [ € OrpaHWYeHAa OTJONY W TpUEMa KpaiiHa CTOMHOCT B HSKOS
Touka. Jlokannama otsuska na Moreau ¢ unoexc A > 0 Ha f (ornocno W), ce medunupa xaro

1
(1.5) eawf(x) = yig‘g{f(yﬂ ﬁllx—yllz}-

Koraro W ¢ ropHoTO cBO¥icTBO € (ukcupano nuimeM e,f BMecto ¢, wf. Ja orbenexum,
ye nHGUMYMET B (1.5) MOXe ga ce pasriexa kKaro HHGUMYM BEPXY 1sU10T0 X Ha QYHKITHSTA
f. nepunnpana xaro f(x) = f(x), ako x € W u f(x) = +oo B mporuBeH ciydait. JlecHo ce
BIKIA, ¢ QyHKIUUTE €)f ca AeQUHHUPAHN HABCAKBIC W JIMIIIUIIOBH BBPXY OTPAHHUYCHHTE
MHOXECTBA. PasriexkiaMe MHOKECTBOTO

1
Prf(x) = {y €W :eaf() = f0) + 57llx —y||2}.

Koraro ceimiectryra usikoe py(x) € Pof(x) or Correa, Jofre u Thibault [51] umawme, ge

(1.6) dper f(x) C {7 J(x = pa(x)} N OF F(pa(x)),

caeporareaHo Py f(x) e iy npasHo, UIM ¢IHOTOYKOBO OIaroapeHHe HA B3aUMHO SHO3HAY-
HOTO CBOICTRO Ha u3o0paxenueTo J. 3uaem ot Theorem 11 8 Borwein u Giles [25], ue undu-
MYMBT C€ JOCTHTa korato X ¢ Touka na Fréchet cyOmugepennupyemoct Ha e, f. O3naqaBaiiku
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¢ G, muOXecTBOTO B X, KBAeTO €, f ¢ Fréchet cyOmudepennupyema, moxydasame, e 3a BCSKO
x € Gyummame Py f(x) = {pr(x)} u dre f(x) = {xl‘lJ(x—pﬂ(x))}. Ja orbenexum, ue G, € IbCTO
B X cwroacuo pesynraru B Mordukhovich u Shao [126] u Preiss [139], kacaemu recrorara Ha
TOYKUTE HA CyOudepeHInPYyeMOCT.
Koraro P f(x) = {pa(x)} (T.€. € eHOTOUKORO), HE MPaABUM paziauka Mexkay Pyf(x) u p,(x).
B asere cneasamu nemu caeasame uaes Ha Borwein u Giles ot [25].

Jlema 1.3.9. Hexka f : X — R U {+0o0} e monyHenpeKkscHATA OTJ0TY (PYHKIHS, KOSTO € OTPaHH-
yena oraony Bepxy W u W Ndom f # @. Toraga ciieHUTE TBBP/ICHUS Ca CKBUBAICHTHH:
(a) Oreaf(x) # @,
(b) e.f e Fréchet nudepennupyema B x.
OcBen ToBa, axo ¢ B cuna (a) mmn (b), To Ve f(x) = A7 J(x — pa(x)).

JuhepeHnupyeMocTTa Ha 00BUBKUTE Ha Moreau ¢ CBbp3aHa ¢ TAXHATA PETYIAPHOCT. Tazu
BpB3Ka € JaJIcHA OT SKBHBAJICHTHOCTTA HA TEBpjAcHuUsTA (a) u (b) B cieapaiara inema. B Hes
YCTAHOBABAME W THMDEPCHIMPYSMOCTTA Ha ¢, f TPH YCIOBUE HA ¢HOZHAYHOCT W HETPEKHCHA-
TocT Ha P, f.

Jlema 1.3.10. ITpu npeamonoxenusta Ha Jlema 1.3.9, 3a Bcsiko oTBOpeHO MOAMHOKECTRBO U HA
X, expuBaneHTHoctute (a)<(b) u (c)<(d) ca B cuma 3a ciaeHUTE CBOWCTRA:
(a) erf e Fréchet peryasipua B U (1.e. dpf(x) = dc f(x) 3a x € U);
(b) eaf e Fréchet nudepennupyema B U u npoussoxnara u Ha Fréchet Vieyf : U — X* e
HEMPEKhCHATA OT HOPMHUpaHara B ciadara® TOMOIOTHS;
(¢) erf e menpexbcuaro Fréchet qudepennupyema B U (u cneorarento (a) u (b) ca B cuna);
(d) P,f e eHO3HAYHO M HEMPEKHCHATO OT HOPMHpAHATa B HOpMHpaHara Tornonorus B U.

BwB Bcexu oT m30poennute caydanm e, f e Fréchet audepenmupyema B U karo Ve, f(x) =
A VI(x - Py f(x)).

Ipe3 ocTarbka ot To3u mojmaparpadp puxcupame Touka x € dom f u p > () Takopa, ue f ¢
oepanuyena omoony Bbpxy B[X,4p] u cemio Taka Gukcupame W = B[X, 4p]. la orGenexum, ue
OT TIOJIYHENIPEKBCHATOCTTA OT/IONY Ha f BHHAIHW CHINECTBYBAa HAKAkBO p > () ¢ TOBa CBOMCTRO.
Taka ue e ecTecTBeno aa nuImeM e, ,5f(x) BMECTO €3,w f(X), @ KOraro X u p ¢ MOCOUYCHUTE
MO-TOpe CBOWCTBA ca (PuKcHpanu, ¢ yAoOHO Ja 3ama3uM Karo WHJCKC caMo A, ThH Karo ToBa
HE BOJH JI0 00BpPKBAHE.

CowroacHo monesna gokanuzanuonna neva (Bwk Thibault u Zagrodny [160, Lemma 4.2]),
CBITICCTBYBA HAKAKBO Ag > () Takoma, e 3a Bcuuku A €]0, Ag]

Pyf(x) c B(x,3p) 3amcako x € U := B(X,p).

Crnemorarenno 3a Besako X € U N G SIUHCTBCHUAT eneMeHT P (x) Ha P, f(x) mpuHamic:ku Ha
B(X,3p) u torasa or (1.6) umame

(1.7) Ve f(x) = 77N (x - pa(x) € dpf(pa(x)) VxeUNG,.

Hemo nosede, ||x — pa(0ll < [lx = X[+ X — pa(0ll < p + 3p = 4p.
Mosxem fa HarrpasuM (1.7) TI0-TOYHO KaTO JOKAKEM B CJIEABAINATA JIEMA, 9€ II0-CHIHOTO
srmousane Ve, f(x) € 8, f(pa(x)) e B cnnaza x € UNG,.
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Jlema 1.3.11. 3a Beuuku A €10, 4], x € UNDom P, u p,(x) € P,f(x) umame, ue 171 J(x —
Pa(x)) € 0pf(pa(x)). C apyru nymu, 3a Besko x € U n Besko A €10, Ao,

Pif(x) c I+ AJ* 0 d,f) ().

Teopema 1.3.13. Heka f : X — R U {+o0} ¢ monyHenpeKbCHATa OTA0AY (QYHKIHS, KOSITO €
J-plr B X € dom f 3a mOAOXKHUTEIIHU PEATHHA £ U F, TakuBa Y€ £ < 1 < % Heka p € ]0, %] e
(ukcupaHo taka, ye f ¢ orpanudcHa ooy B B[X, 4p]. Torara ceiecreyea Ag > 0 Takosa, ue
3a Besiko A €]0, Ag] m3odpakenuero x — P,f(x) ¢ ennozuauno B U := B(X, p) u Takopa, 4¢ 3a
Hskoe y > 0,

1
Ipa(x) = paGI < yllx = X'Ml2, Vx,x" €U,
KBJCTO p, ¢ aehunupano karo Pyf(y) = {p,(v)} 3a Besxko vy € U. Hemo noseue, 3a BCSKO

A €]0, Ap] dyukusTa ey f ¢ or Kiac Cl*(U)zaa:= q‘l(s —DuVie,f(x)=11Jx- pax))
3a BCAKO X € U.

Jla manmomunM, ye ¢Gynkmus g ¢ ot knac C? B orBopeno muoxectBo U C X, ako e
mudepennupyema B U u mpousBonara Vg e nokarHo a-Holder nenpexncnara B U.

BpBakara Mex Ty IPOKCUMATHOTO H300paKEHHE U HAKOW OTCHYaHWs Ha CyOamepeHnumana
ua J-plr pynkuus ¢ cnepnara.

Teopaenue 1.3.14. Ilpu npeamonoxennsra Ha Teopema 1.3.13 3a Besaxo A €0, Agp] u Besiko
xeU,

Paf(x) =+ 271 o T (%),

KBJETO 1y = er/(4) u Ty, := (0pfre,-
Koraro Pc(x) = {p(x)} (T.e. € eHO3HAYHO), HE MMPABUM paszauka MeKIY Pco(x) u p(x).

Caencrue 1.3.15. Heka C C X e HEmpa3HO 3aTBOPEHO MHOXECTBO, TAKOBA Y€ WHAMKATOPHATA

My (yuaknus e e J-plr B X € C 3a MONOKXUTETHA PEATHU £ U F, YAOBIETBOpsBAITY £ < 1 < %

Torapa 3a p = % nzo0pakenuero X — Pc(x) ¢ eqnosnadno B U = B(X,p) u 3a HIKOS

KOHCTaHTa y > 0

IPe(x) = Pe(x)|| < yllx - ¥|[7,  VYx,x € Ul

Oceen TOBa, QyHKIMATA d% eorkmac C(MWsaa=qg(s—Dnu VFd%(x) =2J(x—Pc(x)) 3a
BCsiko x € U.

Caencreue 1.3.16. IIpu npeamonoxkenusta na Caencteue 1.3.15 umame, ue
Pe(x) = (I +J o NEDY(x) VxeUl,

KBJCTO O ;= £r/4, a MHOTO3HAYHOTO H300PAKCHUE Ng 7 ¢ nepuuupano B (1.4).
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1.3.3 Xapakrepu3anuu HA NPOKCHMAJHO PeryJIsIpHA MHOKeCTBA

B Ttozu noamaparpad, B Teopema 1.3.25, napaMe HAKOIKO Pa3iMdHU XapakTepU3aldH Ha
CBOMCTBOTO MPOKCHMAIHA PETYIPHOCT HA MHOXKECTBO.

[Npenu ToBa JOKa3BaMe HAKOJIKO MOIE3HU PE3YyNTara, KOMTO M3MOI3BaME B HEHHOTO JI0Ka-
3aTEICTBO U B JI0KA3aTEJICTBATa HA JPYTU PE3yNTaTH OT maparpada.

Teopema 1.3.25. Heka C C X ¢ 3arBopeHO MHOXKECTBO. CICAHUTE CA CKBUBAJICHTHHU:
(a) C e MpOKCHUMAITHO PETYIAPHO B X;
(b) Pc e eqHO3HAYHO W %—H(‘_’)lder HENPEKHCHATO OT HOPMHUpaHaTa B HOPMHpaHaTa TOMOJIOTHS B
HSKOSL OKOJIHOCT U Ha TOYKara X,
(¢) Pc ¢ eHO3HAYHO W HEPEKBCHATO OT HOPMHpPAHaTa B c1abdara TOMOIOTHsL B HAKOS OKOJTHOCT
U nax;
(d) cemecTpyRa £ > 0 TakoBa, ue ako p € PNe(x) 3a x € B(x,e)u p # 0, To Pc (x + aﬁ) =X
x=Pc(u),x # u
0<lu—xl <&
® d% ¢ ot kimac C1? B wsxost oxommocr U HaX3a a = ¢ 1(s — 1);
(g) dc ¢ Fréchet nudepennupyema B U \ C 3a Hskost okonaoCcT U Ha X;
(h) 3a makos oxomuocT U Ha X dynknusata de e Gateaux gudepenmupyema 8 U\C ¢ |[VOdc(x)||=1
3aBeako x € U\ C;
(1) dc e Fréchet cybaudepennmpyema B U 3a Hsixost oxkosHocT U Ha X;
(j) dc e Fréchet peryasipua 8 U \ C 3a usikos oxonuoct U Ha X;
(k) Pc e ¢ menpaszuu oopasu B U u dc ¢ Dini cyoqudepenmnupyema B U 3a usixost okoaHoct U
Ha X
(1) waymmkaropuara Gynknus e e J-plr B X;
(m) ceiriecTByRar &, p > 0 TakuBa, u¢ M300pAXKEHUETO ¢ 0Opa3u OTCCUCHHUTE KOHYCH Ha HOP-
MaTHUTE (PYHKITHOHATH N(l[;‘9 ¢ J-XUTIOMOHOTOHHO OT cTeneH p B B(X, €).

Axo C e cnabo 3aTBOPEHO, HMAaME OITIE €THO CKBHBAICHTHO YCIOBHE
(n) Pc e eqHO3HAYHO B HAKOA OKOMHOCT U Ha X.

U—x .
[lee—xi] >

(e) cpmecTByBa £>0 TakoBa, Y€ AKO }, 10 Xx=Pc(i/) 3a 1/ =x+¢&

Ha nanomuum ye 3a v € X ¢yuakrus f © X — R uma Gdteaux npouseo0Ha B TOYKA X 10
nocoxama v ako rpanumara lim,_g U+ ) = f(0)] CBITICCTBYRA W ¢ KpaiiHa ¥ YC TOKAITHO
aunmmuosa Gyaknus £ X — R ¢ Dini cybaudepennupyema B To4Ka X, ako cyoougeperyu-
anem 1 Ha Dini

0 f(x) = {x* eX* Ax"h) < lint[i(i)nft_l[f(x +th) — f(x)], Yh € X}

€ HCIIPA3HO MHOXKCCTBO.

1.3.4 Xapakrepu3anuu HA2 PABHOMEPHO NMPOKCHMAJHO PeryJspHH MHOKeCTBA

B To3u nmoanmaparpad uzydasame Ha r100alIHO HUBO MHOXKECTBA C IIOIOKHTEIHA JOCTHKHU-
MOCT WIIH MPOKCHMAITHO TImajku MHokecTBa C, kouto kopecnonmupar (Buwx Clarke, Stern u
Wolenski [46]) na nenpexnscuara Fréchet mudepennupyemocT Ha QyHKIEATA pazcTosHue dce
B OTBOpEHa TpBOa ¢ paBHOMEpHA jAedenuna 0koso MHOKecTBOTO C. [TomydaBame MOBEYETO OT
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XAPaKTePU3AIMUTE HA TC3H MHOXKECTBA, JajacHu ot Federer [73] B kpallHOMEPHO TPOCTPAHCT-
Bo u ot Clarke, Stern u Wolenski [46] u Poliquin, Rockafellar u Thibault [ 138] B xunbeproso
npocrpancTeo. OckeH Tora qobarsme xapakrepuzanuute (¢), (¢) u (g) B Teopema 1.3.27.

Crenpaiiku Jedunuius 1.3.3 Ha NPOKCHMAITHO PEryASpHO MHMKESCTBO W MOAUGUITAPARKA
aexo Definition 2.4 8 Poliquin, Rockafellar u Thibault [138] seBexmame

Hepunnmmsa 1.3.26. 3arropeno MHOXKECTBO C € PABHOMEPHO T-NPOKCUMATHO PEe2YAAPHO aKO
3a mpouseonHu X € C u p* € Ng(x) ¢ ||p*ll < 1, x e enuucTBeHATA HaW-OMM3Ka Touka B C 10
x+rJ*(p").

3a nogmumkecTBo C Ha X r-pazuupenue va C ¢ MHOXecTBOTO C(r) = {x € X : dc(x) <1},
a orBopeHa r-mpwvoa oxono C e muokectsoro Uc(r) ;= {x € X : 0 <dc(x) < r}.

Teopema 1.3.27. Heka C C X ¢ 3aTBOpEHO MHOXKCECTBO W Heka v > (). CrnegHuTe ca eKkBHBa-
JICHTHU:

(a) C e paBHOMEPHO F-TIPOKCHMAIIHO PETYIBIPHO;

(b) dc ¢ wenpexncuaro gudepennupyema 8 Uc(r) \ C;

(¢) dc e Fréchet peryaspua 8 Uc(r) \ C;

(d) dc ¢ Fréchet nudepenupyema 8 Uc(r) \ C;

(e) dc e Gateaux mudepenmupyema B Uc(r) \ C ¢ [[VEde(x)|| = 1 3a Besixo x € Ue(r) \ C;
(f) Ordc e ¢ nenpazuu 00pasu peB BCHUKH TOUkK HA Uc(r),

(g) Pc u 0" dc ca c nenpaszuu o0pa3u BbB BCHYKH TOUKH HA Uc(r);

(h) d% e C! B Uc(r) ¢ nokamno Holder HENPEKHCHATA TPOH3BO/IHA,

(1) Pc ¢ ennoznauno u jgokaano Holder nenpexncnaro B Uc(r),

(J) Pc ¢ e/HO3HAYHO U HENPEKBCHATO OT HOpMUpaHaTa B ciabara romonorus B Uc(r),

(k) 32 Bestko menyneso p € PNc(x) 3a x € C mmame x € Pc (x + rﬁ);
U—x

(Hakoue Uc(r)u x = Pc(u), tox € Pc(u')3zau =x+ Tl
Axo C ¢ ¢cmabo M3MBKHATO, UMAME U JOTBIHUTCIHO CKBHBAICHTHO YCIOBHE
(m) Pc e ennosnauno B Uc(r).

W3paszseame MeTpuUecKara MPOEKUA Upe3 HOPMAIHUSA KOHYC B

Tebpaenue 1.3.30. [Ipu npeanonoxkenusra Ha Teopema 1.3.27 3a Beaxo x € Uc(r) e u3mba-
HEHO
Vide(x) = J(x = Pe(0)/de(x) u Pe(x) = I+ J* o NEDT (0).

ParHOMepHaTa TPOKCUMAITHA PETYIAPHOCT CBHITIO TaKa BIe4e J-XUITOMOHOTOHHOCT Ha H300-
POKEHUETO ¢ 00pa3M OTCCYCHUTE KOHYCH OT (DYHKITHOHAITHH HOPMAJIH.

Tebpaenue 1.3.31. Ilpu npeamonoxennsara Ha Teopema 1.3.27 umame, ge

(n) m300paxeHNCTO ¢ OOpasH OTCCYCHHUTE KOHyCH OT (yHKuMOHamHM HOpMamn NL7 ¢ J-
XHIIOMOHOTOHHO OT CTETIEH f 3a BCAKO > 1.

Ob6parno, (n) Bieue TBBpAcHUATA B Teopema 1.3.27 ¢ mapameTsp r/2 BMECTO 7.

B Cnepcrrue 1.3.32 naBame HAKOM XapakTepH3alWd HA W3MBKHATH MHOXKecTBa. [a oTOe-
JTEXKUM, Ue B HETO M3UCKBAHETO HOPMATa HA MPOCTPAHCTBOTO Aa OB/E ¢ MOJYIH OT CTEICHEH
THII ¢ HeOOXOUMO B TOJIIMA YaCT OT PAa3IICKAAHUATA, HAMPUMED 32 Jjia ObJar MOMydYeHH Xa-
paxrepuzarnuute (b), (1), (j), (m), (n).
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Caencreue 1.3.32. Heka CcX e 3atBopeHO MHOKEeCTBO. CASTHUTE Ca CKBUBAICHTHH,
(a) C e us3nmpKHAIO;

(b) C ¢ paBHOMEPHO CO-MIPOKCUMAITHO PETY/ISPHO, T.€. PABHOMEPHO F-IIPOKCHMAJTHO PEryISPHO
3a BCAKO peamno r > (;

(¢) dc ¢ menpexnscHaro pudepennupyema 8 X \ C;

(d) dc ¢ Fréchet perynspaa e X \ C;

(e) dc e Fréchet mudepennmupyema B X \ C;

(f) dc e Gateaux mudepenmupyema 8 X \ C ¢ |[VOde(x)|| = 1 3a Besko x € X \ C;

(g) Ordc(x) # @ 3a Besiko X € X;

(h) Pc(x) # @ u 0" dc(x) # @ 3a BCuuku X € X

(1) d(% ¢ C' B X ¢ noxanna Holder HenmpekscHATOCT HA TPOM3BOAHATA B X

(J) Pc ¢ enno3uauno u jgokaano Holder nenpexscharo B X;

(k) Pc e e/JHO3HAYHO W HEPEKBCHATO OT HOPMHUpAHATA B HOPMHUPAHATA TOMOIOTHs B X
(1) Pc ¢ eHO3HAYHO U HEMPEKHCHATO OT HOPMHpPaHAaTa B ¢iaadara Tomoiorus B X;

(m) 3a Besiko p € PNc(x), kpjaero x € C umame x € Pc(x + p);

(n)ako ue X\ Cu x=Pc(u), 10 x € Pc(u')3au = x+ r(u— Xx) u npoussoino r > 0.

3a r-mpoOKCUMATHO PETYISIPHO MHOKECTBO C TOKA3BAMC HIKOW JOMBTHUTCIHU CBOWCTBA,
Cpe/l KOUTO € U

Teopema 1.3.35. 3arBopeno MEHOKECTBO C € PABHOMEPHO F-TIPOKCUMAITHO PETYIISIPHO 32 HIKOC
r > () Torapa M camo TOrapa, KOraro

dc(y) + dg.(») =r 3aBcakoy € Uc(r),

kbaet0 Ec(r) :={u e X : dc(u) > r} ¢ MHOKECTBOTO OT F-BBHIIHHATE TOUKH Ha C.

1.4 TlpoxkcuMaiHO peryJsipHM MHOXECTBA U HAArpa(puKku B pas-
HOMEPHO M3NBKHAJIM 0AaHAXOBM NPOCTPAHCTBA: PA3JIMYHU pe-
TYJSIPHOCTH M APYTH CBOMCTBA

B To3m naparpad npoabikaBaMe U3y4aBaHeTO Ha TPOKCHMATHO PETYISPHUATES MHOXKECTBA.

B paBHOMepHO M3NBKHATO 0aHAXOBO MPOCTPAHCTBO JOKa3BaMe CBOMCTBara HOpMalHA W
TAHTCHIHAIHA PETYISIPHOCT 32 TAKHBA MHO)KECTBA W B YaCTHOCT CHBIIAHETO 3a TAX HA KO-
nyca Ha Mordukhovich u Ha npoxcumannus HopmaieH koHyc. CBINO Taka CpaBHABAME MPOK-
CHUMATHHUAT HOPMAeH KoHyc ¢ pasnnunu Holder Hopmamiu koHycH, 3aBHCEIM OT CTETICHUTE
§ ¥ ¢ Ha MOJIYIUTE Ha TIJKOCT W Ha W3MBKHATOCT HAa HOopMara. B ciyyas Ha MHOXeCTBa,
KOUTO ca Haarpaduku Ha QyHKIH, mokazpame ye J-plr QyHKIUHTE WMAT MPOKCUMAITHO pery-
JSIPHU HAATPAPUKH U CpaBHABAME TE3W (QYHKITHH C (PYHKIMUTE C KBAIPATHIHA ONCHKA OTIOITY
(primal lower nice functions Ha Poliquin). 3amazBaHeTo Ha CBOHCTBOTO IPOKCUMATIHA PETYIsp-
HOCT TIpH TIPEeCHUYaHe Ha KpacH Opoil MHOMXKecTBa M TpH 0OpaTHO M300paKEHUE € TIOTYyUCHO
NpHU OTpe/eNiCHH YCIIOBHUS 3a ypaBHOBeceHOCT. Japame u Gopmyia 3a KOHHYHATA MTPOU3BOIHA
Ha U300PKCHHUETO METPHUYESCKA MPOCKITHS BHPXY MPOKCUMATHO PETYISPHO MHOKeCTBO. [1o-
Ka3BaMe U 4e cxoammocTTa 1mo Attouch-Wets ChIo 3ana3ea paBHOMEpHATa F-TPOKCHMAIIHA
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PETYISPHOCT U Y€ W300paKEHUETO METPHYECKA MPOCKITHSA € HEMPEKHCHATO M0 OTHOIICHHE Ha
Ta3| CXOIMMOCT 3a TAaKUBAa MHOKECTBA.
Pesynrarure ot To3u naparpad ca nyonukysanu B [19].

B To3u naparpad Oazupame HammmTe pasriekjanus Ha npeauinaus naparpad 1.3. Tyk npo-
JBIDKABAME M3CICBAHCTO HA MPOKCHMAIHO PErYISPHH MHOXKECTBA B PABHOMEPHO H3MBKHAIO
0aHaxOBO NPOCTPAHCTRBO KATO PA3IIICIK/IAME IJIABHO HOPMAJIHH KOHYCH U CyOpudepenimanu. B
KOHTEKCTA Ha XWI0SPTOBO HPOCTPAHCTBO CHBIAJAAHETO 32 MPOKCHMAIHO PErYISPHO MHOKECT-
Bo C B X Ha HopMmanuus koHyc Ha Mordukhovich u Ha npokcuManHus HOPMAJICH KOHYC ClIC/Ba
JUPEKTHO OT (akTa (JbIDKary ce Xuiadeprorara CTPYKTypa), 4€ B TO3H ClIydail ChIECTRYBAT
HEOTPUIIATEIIHO YKCIIO Y W OKOAHOCT U Ha X, TakuBa 4¢ 3a BCCKU MPOKCHMAJICH HOPMAJICH
¢dyuxnmonan x* Ha C B Touka x € U N C, Takss 4 ||X*]| < 1 ¢ u30bIHEHO

(X, y—x) <yly - x> sasesxoye UNC.

B ciyuast Ha paBHOMEPHO M3IMBKHATO 0AHAXOBO MPOCTPAHCTBO TOBA HE € TOJKOBA OYCBHJTHO.
Hamara 1ien e oT efHa cTpaHa Jia TOKaKEM, Y€ TOBAa BaYKHO CBOWCTBO BCE OINE € B CHUIIA 3a
MPOKCHMAITHO PETYISIPHA MHOXKECTBA B PABHOMEPHO HM3IBKHAIM OaHAXOBH TPOCTPAHCTBA, a
OT Jpyra CTpaHa Jia C€ BB3IMOI3BaME OT TOBAa CBOWCTBO, 32 Jia TIONYYUM B CHINUS KOHTEKCT
HAKOIKO HOBH pe3ylTara, Kacacly B YaCTHOCT KOHWUYHATA MPOU3BOJHA HA WU300PAKCHHETO
METpHYECKa MPOeKIKs BHpXy C ¥ 3amazBaHeTo Ha CBOWCTBOTO MPOKCHMAITHA PETYISPHOCT TPH
Attouch-Wets cxogumoct.

B nmogmaparpad 1.4.1 moka3zBaMe HOpMaJTHA M TAHTCHIIMATHA PETYISPHOCT HA TPOKCHMAI-
HO PETYISPHA MHOKECTBA B PABHOMEPHO U3ITBKHAIO OaHAXOBO MPOCTPaHCTBO X W U3BEXKIAME
MPOKCHMAITHO HOpMaTHa (HOpPMYIIa 38 TAKHBA MHOKECTBA.

B nmogmaparpad 1.4.2 nokazpame, ue HaarpadukuTe Ha J-plr QyHKIHUTE ca MTPOKCHMAITHO
PETYISIPHH MHOMKECTBA M CpaBHsBaME Te3d (QYHKIUH ¢ (QYHKIIUHTE ¢ KBaJpaTH4HA OICHKA
otnony Ha Poliquin (primal lower nice functions).

B moamaparpad 1.4.3 npaBum cpaBHEHHE MEXKTy KOHIICTIIHATA 32 TIPOKCUMAIHA PETYIsp-
HOCT, pazsuTta B maparpad 1.3, kosito e B3era ot Poliquin, Rockafellar u Thibault [138] u gpyra
kouneniwms, r3era ot Poliquin 1 Rockafellar [137] u agantupana ot Bernard u Thibault g [14]
3a GaHaxoBo npocTpancTBo. CHINO Taka CpaBHABAME TIOHATHATA 32 TIPOKCHMATHA PETYIBIPHOCT,
KOraro HOpMara c¢ MCHHU B Ja/JCHA (DaMUIHSI,

B noamaparpad 1.4.4 pasmiexamMe HAKOH BPBH3KH MEXK/y Pa3iudHi HOPMATHU KOHYCH (32
3aTBOPECHU MHOXKECTBA) CBBP3aHH CHC CTCICHHTE HAa MOJYIHTE HA HOpMara B X.

B moamaparpad 1.4.5 pasmiexjaMe BBIIpOCa ChC 3aMa3BaHEeTO HA CBOWCTBOTO TPOKCHMAI-
Ha PEryasipHOCT TIPU CCUCHHUE | TIpH oOpareH oOpa3. [Ipu HaTWYHETO Ha ONPEACTICHO YCIOBHE
338 YPaBHOBECCHOCT TIOKA3BAME, Y€ CCUCHHETO HA KpacH OpOH MPOKCHMAIHO PETyIAPHH MHO-
KECTBA M 0OpaTHHAT 00pa3 HA MPOKCHMAIHO peryaspHo Maokectso npu C! m3obpaxkenue
HACIeSBAT CBOMCTBOTO MPOKCHMAITHA PETYISPHOCT.

B noxnaparpad 1.4.6 uznonzeaMe pesyirara 3a TaAHICHIIMATHA PErYISPHOCT OT HOJIapar-
pad 1.4.1, 3a xa noayuum GopMyiia 3a KOHHYHATA TPOH3BO/IHA HA H300PAKCHUETO METPHUISCKA
MPOCKIHS BHPXY MPOKCHMATHO PETYISIPHO MHOXKECTRO.
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B nocnennaus noamnaparpad 1.4.7 uzyyapaMe n0BEICHHETO HA H300PAKCHUETO METPHUICCKA
npoeknus Bepxy davumust (Cy); OT PaBHOMEPHO 7-MPOKCHMAITHO PETYISPHH 3aTBOPECHH MHO-
XKeCcTBa B X, KOUTO KIOHAT B CMHCHI Ha Attouch-Wets kpMm 3aTeopero MuoxkecTBo C. Jlokas-
Bame, e C HACIE/IsIBa PABHOMEPHATA F-IIPOKCHMAJIHA PETYISPHOCT M Y€ 34 BCSIKO Xp, TAKOBA
ge d(xp,C) < r e m3upaaeHo Pc,(Xp) — Pc(xp) 3a n300pakeHHETO METPUUCCKA TPOCKITHS Pe

BBPXY 3aTBOPEHOTO MHOXecTBO C.

B naparpad 1.4 usznoizBaMe rojasimMa 4acT OT O3HAYCHUATA M HPCABAPUTCIHUTS CBEICHUS
or npeaxoanus naparpad 1.3. Beupeku ToBa, npH HYX/Ia HPUIIOMHAME WM IIPSIUIUPAME
HAKOM OT THX.

B To3u naparpad pabotum B paBHOMEPHO M3IBKHAIO OaHaxoBo mpocrpancteo (X, | - ),
YUATO HOPMA ||+ || € pABHOMEPHO H3I'BKHAJIA M PABHOMEPHO IIaJKa. B HAKOM TBBpACHUS 10OIBII-
HUTCIHO TpEaIoaaraMe, 4¢ MOAYIUTE HA PABHOMCpPHA M3MHKHAIOCT M PABHOMEPHA TAaJKOCT
Ha HOpMara || - || ca OT CTeleH ¢ U §, ChOTBETHO KAaTO TOBA € EKCIUIMIIUTHO MOCOYEHO, KOTaTo
¢ HeoOxoauMo. M3BecTHO €, Ye TakoBa NPEHOPMHUPAHE HA PABHOMEPHO M3INBKHANO 0aHAXOBO
MPOCTPAHCTBO BUHATH CHINCCTBYRA.

3a BCsKO peanHo uKuciao o > 1 pasrnexpame uzodpaxkenuero J, : X — X', nedunupano
KaTo

To(x) = (x" € X 0 (x, x) = Il Il = Jlx

3a o = 2, J, ce o3HauaBa camo ¢ J W ce HApWYA HOPMANUZUPAHO OYATHO U300padcenue,
aconuupano ¢ mopmara || - ||. Teii kato X ¢ peduekcusHo, J ¢ CIOpekTHRHO. M300pakeHneTo

1
Jo ¢ cyOnudepeHnua bt Ha H3NBKHANATA HYHKITHS %ll 7, Te Jr = 6(;” . ||‘7).

Ot paBHOMEpHATA M3MHKHATOCT Ha X ¥ 0T n300pa Ha HOPMA, KOWTO HAMPABUXME, 34 BCAKO
o > 1, J; € elHO3HAYHO, OMEKTHBHO W HEMPEKHCHATO OT HOPMHpAaHaTa B HOPMHpPaHATa TOMO-
norusi. O6parHoTo m306paxenne J~' (ma J) o3mHauasame ¢ J*, KaTo TOBA ¢ HOPMAIH3HPAHOTO
JyaaHO W300paKeHHE, acOIMUPAHO ¢ jJyanHara HopMa Ha X*. Jla orOenexuM ChINO Taka, de
3a Ry := [0, +oo[ nmame

Jo(x) e Ry J(x) u Jo(tx) = t‘r_ng(x) 3aBCAKO X € X ut > 0.

Ha wanomuum (Bux Deville, Godefroy u Zizler [57]), ue uzoOpaxkenuero J ¢ paBHOMEPHO
HEHPEKBCHATO BBPXY BCAKO OIPAHMYCHO MHOXECTBO B X (B JICHCTBHUTEIHOCT TOBA CBOMCTBO
XApaKTePU3UPA PABHOMEPHATA [IAJKOCT HA HOpMATa).

Kakro u B npeaxoaaus naparpad, npocrpancteoro X X R pasmiexkame ¢ mopmara ||| - |||,

nedunupana xaro |||(x, ||| = /x| + r2. Ciegoparenno 3a HOPMAIM3HPAHOTO TYAIHO H300-
paxenne Jyxr : XXR — X* xR, acoruupano ¢ Hopmara |||- ||| umame paBeHCTBOTO Jxxr(X, ) =

(J(x), r) u koraro HsMa PUCK OT OOBPKBaHE, Jyxr O3HAYABAME camo ¢ J.

3a 3arBopeno MHOkecTBO C C X W x € C ocBeH pazrnexaanute B naparpad 1.3 mpokcu-
MaJieH HOpMalieH KoHyC PNc(X), KOHYCHT OT IPOKCUMATHNA HOPMATHU (DYHKITUOHAIH Ng(x) u
Fréchet nopmanaust koHyc Ng (x) 3a pasniexpanustTa Hu ¢ HeoOxoaum u B-Holder nHopmanuus
KOHYC Ng(-) 3a C B x jgeunupan karo: x* € Ng(x) KOTaTO CHITICCTBYRAT &,y > () TakuBa, 4 3a
Besko X' € B(x,e) N C, (x*, X' —x) <yllx — x|
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B xoHTEKCT, KBACTO HOpMATA || - || € acomumpaHa ChC CKaIapHO Tpou3eeacHUE (- |-), T.C.
(X, ]l 1) ¢ xuabepToBo MPOCTPAHCTRO, JISCHO ¢ NPOBEPsiBa, Ye X € Pc(x + rp) Torapa u camo
TOTaBa, KOTaro

(phy—x) < (2r)_1||y - x||2 3a Besako y € C.

3a HEeHyIeB BEKTOP p CHINECTBYBA MOIMKHUTEIHO ¥ ¢ TOPHOTO CBOHCTBO TOTaBa M CaMO TOTaBa,
KOTATO CBHINCCTBYBAT MOJOKUTCIIHA £ U Y TAKUBa, U

(Ip,y—x)=(ply—x) <yly-x* s3ascsaxoy € B(x,&) NG,

T.c. 3a 8 = 2 mmame Jp € Ng(x) H CIISA0BATCITHO Ng(x) = Ng(x). Twit xato Ng(x) HC 3aBHCH
OT TOBA KOA €KBMBAJICHTHA HOpMa Ha || - || ce pasriiexk/a, Taka U KOHYCHhT Ng(x) HE 3aBHUCH OT
CKBUBAJICHTHA HOPMA B XWJIOSPTOBO HPOCTPAHCTRO.

TopuuTe HOHATHS MOrar Ja Ob1ar Pasriic/laHd U B KOHTEKCTA HA (DYHKIIHH.

Heka f: X — R U {+o0} ¢ monyHenpekbcHara o0y QpyHkius U Heka X € dom f.

Kaspame, ue p* € X* ¢ npoxcumanen cybepaduenm ua f B8 x ako (p*,—1) ¢ npokcumaicH
nopmaieH hyukuonan 3a epi f B (x, f(x)). Ilpoxcumannuam cybougepenyuan Ha f B X, KOUTO
ce o3Ha4ara ¢ Jp f(X), ce ChCTOM OT BCHUKH TakuBa QyHkimonau. Taka umame, ue p* € d,f(x)
TOTaBa M caMo Torama, koraro (p*,—1) € Ne[; ; f(x, f(x)).

Oyukionan x* € X* ce napuua Fréchet cybepaduenm ua f B x ako (x*,—1) e Fréchet
HopMasieH ¢yukiponan 3a epif B (x, f(x)). Fréchet cybougepenyuarem Ha f B X, KOUTO
o3HauaBamMe ¢ Jp f(X), C€ ChCTOM OT BCHYKH TAKMBA (DYHKITMOHAIIH.

Axo x ¢ dom f Torapa Bcuuku cyOaudepeHany Ha f B X ca NpasHH 110 YCIOBUE.

3Hae ce, 4e 3a HOAYHEHPEKbCHATA OT/A0ny (yHKIuA [ B PeQUeKCHBHO 0aHAXOBO MPOCT-
panctBo ¢ Hopma Ha Kadec, kosito ¢ Fréchet qudepenrnupyema u3BbH Ha4am0To (B 4aCTHOCT
B IPOCTPAaHCTBOTO X, B K0eTO HHE paborum), MHOkecTBOTO domd,f € recto B dom f. He-
mo noseue, d,f(x) C dpf(x) 3a Beaxo x € X. Koraro drf(x) # @, xaspame, ue f e Fréchet
cyonubepeHiupyemMa B X.

Io nopoben nauun, B-Hilder cybepaduenm va f B X ¢ BCeku GyHKIMoHAT X* € X, TakbB
ge (x*,-1) € Ng(x, f(x)). O3nauaBame ¢ g f(X) MHOXKECTBOTO OT BCHYKH TaKHBa CyOTpaMEHTH
KaTo uMame, ue x* € dpf(x) axo cruimecTsysar y,& > 0 such that for all y € B(x, &), f(y) >
)+, y —x) —yly — x1f.

Jlecno ce mposepsBa, 4e dpic(x) = Ng(x) 3a Besiko x € C. Fréchet HopmanHusAT KOHYC
u -Holder nopmanen xonyc Ha C ca CBBpP3aHU ¢ WHAMKATOpHATA (QYHKIUS e 10 10100CH
HAYHUH.

[Ispeo nperu3upaMe CROUCTBOTO MPOKCHMAITHA PErYIsSpHOCT HA MHOMKeCTRO. Karo ce B3e-
mar npeapu Jebununus 1.3.3 u Tespaenue 1.3.4, necno ce jokazsa

Tebpaenue 1.4.1. 3a 3atBopeno MuHOkecTBO C C X CIEAHNTE Ca EKBUBAJICHTHU:

(a) C e npokcumaHO peryiaspHo B X € C;

(b) cwiecteyBar € > 0 u r > () Takuea, 4e 3a BCAKO X € C TakoBa, 4e¢ ||xX — X|| < £ U 33 BCIKO
p* € NE(x) Taxosa, ue [|p*|| < &,

0> () —r ' —x)],x —x), VYx €C takusa, ue ||x’ —X|| < &.
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(¢) 3a Besiko © > 0 ceiectryBar € > 0 u r > () Takupa, ue 3a Besako x € C Takosa, 4e ||x—X|| < €
u 3a BoAKO p* € NE(x) taxosa, ue ||p*|| < ©,

0> JJ(p) —r (X =], x —x), Vx' €C rakusa, ue ||x’ —X|| < &.

IMo-nararpk B mMaparpada 1Mo CBOWCTBOTO MPOKCHMATHA PETYIAPHOCT HA MHOXecTBO C
pasbupame Teepaenue 1.4.1 (¢) 3a © = 1, a UMEHHO CBOWCTBOTO

chITiecTBYBaT € > 0,1 > () Takuea, 4e 3a BCIKO X € C TakoBa, uc
(1.8) llx —X|| < € u 3a BCsiKO p* € Ng(x) Takora, ue ||p*|| < 1,
0> J[Jp*) —r ' (X =01, X —x), VYx' €C rakupa, ue ||x' — || < &.

Mpeaeua ka3aHOTO, NPSIHH3UPAME JCOHUHAIIUATA 33 IPOKCUMATHA PETYIAPHOCT B

Hedununmus 1.4.2. 3arsopeno muokecteo C C X ce Hapuda (Mempuyecku) npoKCUMAIHo
peaynapro (10 OTHOIICHHE HA PABHOMEPHO M3IbKHANA HOpMA || - |), win || - |- npoxcumanto
peayrapno B X € C axo cwimecTByBar € > O u r > () Takupa, 4¢ 3a BCAKO X € C M BCAKO
p* e Ng(x), takupa 4¢ ||x — X|| < € u ||p*|| < 1 Toukara x ¢ Haii-Onuskara touka B {x’ € C :
|x" — X|| < &} n0 Toukara x + rJ*(p*).

MeTpHYecKHAT aclekT ce IBDKH Ha (akTa, Ye IPOKCHMATHHAT HOPMAJICH KOHYC Ng(') e
CBBP3aH ¢ HOpMATa || - || ¥ 3aBUCH OT HEesl B Caydasi, Koraro Ts He ¢ xuiadeproea Hopma. Koraro
HE CBINECTBYBA HEOIPEICICHOCT 110 OTHOIIEHHWE HA TOBA KO HOpMA || - || Ha MPOCTPAHCTBOTO
M CHOTBETHO KOM HPOKCHMAJICH HOPMAJICH KOHYC Ng(-), aCOIUHUPAH C HES CC UMa HPEIABH/I,
kazgame ye C ¢ MPOKCUMATTHO PETY/SIPHO B X.

OcHoBHUSAT (axT, KoiTO TpsiOBa Ja Obje MOTIEPTaH TYK €, 4e PEeaTHOTO YUCIo F B Jaedu-
HUIHSTA (33 KOCTO 3aTBOPEHOTO KBJI00 Bx + rJ*(p*), r||p*||] noxocsa muoxkecTroTo C N B(X, £)
B TOYKATA X, KOraro X ¢ rpaHuvyHa Touka Ha C, Takara 4¢ ||Xx — X|| < &) HE 3aBUCH HHUTO OT
OnM3KaTa TOYKA X, HUTO OT HPOKCHMATHHTE HOPMATHU (QYHKIHOHAIN p* € Ng(x), TaKWBa 4e
Il < 1.

Beue 3naem, ye npokCHMAaNHO peryispaoto ceoicTro (1.8) 3a MuOkecTBO C € CKBHBAJICH-
THO Ha TOBa WHAHKaropHara (Gynknus e Ha C na opae J-plr 8 X (Teopema 1.3.25(a)=(1)).
Hpyra xapakrepuszariust Moxe jia Ob/Ic J1a/cHA B TSPMHUHHUTE HA H300paKeHHETO J,:

Tebpaenue 1.4.3. Hexka o > 1 ¢ peanmHo uucio. YCIOBHETO 3a MPOKCHMATHA PETYISPHOCT
(1.8) € exBHBATEHTHO HA BCAKO OT CIICTHUTE:

(i) cwimecTryBar € > 0 u r > () Takuea, 4e 3a Beako X € C u BCsiko p* € Ng(x) TaKHBa, 4e
lx -l <enlp’ll <1

0> U L p") - = 0], ¥ —x) ¥x' € C rakusa, e ||x' — 7| < &

(i.) cemiectryBar € > 0 u r > () Takupa, e 3a Besiko X € C, 1 > 0 u p* € Ng(x), TaKUBA 4e
lx =X <eulp<rte!

0> (U AT (") -t —x)],x —x) Yx' € C raxusa, ue ||x’ — 7| < &
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B jyxa Ha Ka3aHOTO TO-TOPE 3@ NMPOKCHMAIIHATA PEIYISPHOCT, KOHICIIUATA 38 MPOKCH-
MaJIHa PErYSIPHOCT OT 21004HA TISHA TOYKA CC NPCIH3Upa 10 cieAaus HauuH (Bux Jledu-
wurust 1.4.2 u Jegununums 1.3.26): 3aropeno muokectso C Ha X € (MempuuecKku) paguomep-
HO P-NPOKCUMATHO PEeZYIAPHO WU F-PABHOMEPHO MPOKCHMAIIHO PEryispHO Koraro 3a X € C
up* e Ng(x), takopa 4de ||[p*|| < 1, Toukara X ¢ ¢AMHCTBeHAra Hai-Onuska Touka ot C 10
x+rJ*(p").

B Hedwununus 1.3.5 seBepoxme moustueto J-plr pynknus. Tyk neko pasmmpsiBame Tasu
JSUHHIAS KaTo 3ana3BamMe ChIOTo HauMeHosanue. Cera Beue B XHIOCPTORHS CIydail TS ¢
CBEXJIA 10 KOHIEHIHMATA 33 (DYHKIMM ¢ KBaJparudHa oneHka oriaony (emwk Poliquin [136] u
Levi, Poliquin u Thibault [111]).

Hepununus 1.4.4. [onynenpexnscuara otjaony gynknus f : X — R U {+c0} e J-plr B X €
dom f axko CHITICCTBYBAT MOJOXKUTECIIHA KOHCTAHTH &, ¥ U © Takupa, uc

(1.9) JO) > fO+ (P =ty =0y - x)
3a BCHUKH X,y € B(X, &), Bemaku p* € d,,f(X) u Benuku ¢ > O takupa, ue |[p*]| < rt.

Besika J-plr dynkims cermacuo Jedununmsa 1.3.5 ¢ J-plr Gyuxnmsa ceroacuo dedumnu-
must 1.4.4 (c mpomssomno @ > 0). Oceen ToBa Hebununus 1.3.5 u Jedunumus 1.4.4 ca
CKBUBAIICHTHH 33 WHIMKATOPHH (QYHKIIHH HA 3aTBOPECHH MHOXECTBA (BHXK JIOKA3ATEICTBOTO Ha
Teepacnue 1.4.1).

[o-nararbk koraTo pasriexjaame QyHKIHH, KouTo ca J-plr umame npeasua J-plr GyHKIHT
coriacuo Jedununus 1.4.4. Axo nonyuenpexbcuara oraony (yuxmus f ¢ J-plr 8 X € dom f
C TOJTOKUTEITHU KOHCTAHTH £, ¥ U ©), TO OUEBUTHO

P =t -0 = I (@) - tx =],y —x) <0

3a BCUUKH X,y € B(X, &), pcuwuxu p* € 0,f(x), ¢ € 0pf(y) u Bcuuxu ¢ > O Takupa, 4e
max{||p*|l, llg*lI} < rt. Toa ¢ aHamOTr HA XUITOMOHOTOHHOCTTA HA OMPCACICHU OTCHYAHHUSI HA
Opf, x0aTO XapakTepusupa (QyHKIMUTE C KBAaJAPaTUYHA OIEHKA OTA0NY B XHIOEPTOBH HpOC-
tpanctea (Bmx Poliquin [136], Poliquin, Rockafellar u Thibault [111], Bernard, Thibault u
Zagrodny [16] u nuTHpaHara B TIX AMTEPATYPA).

1.4.1 HopMajHa M TAHTCHIHAJHA PEryJIsipHOCT HA NMPOKCHMAJIHO PeryJisipHH
MHOKeCTBa

Kournenmusra 3a Taurennuanna peryuspuoct (puwk Clarke [44]), pasmiexpana mo-aoay €
CBBp3aHa ¢ TanreHnuantauTe konycu Ha Bouligand u Clarke. Bexrop v B X e B manecenyuanus
xonyc Ha Bouligand (wnwu konmuneenmuua konyc) Ke(x) va C B x € C ako CHINECTBYBA PEANIA
OT TOJOKUTCITHHE uncia (), kioaama kmM 0 u peauna (v,), B X KIOHSIIA KbM V TAKUBA, 9 X+
twvy € C 3a Besiko n. Tanzenyuannusm xouyc Ha Clarke Te(x) Moxe ¢wIno ja Ob/e JepuHupan
Mo CeKBCHIMANCH HauuH. Bekrop v € T(x) ako 3a BesAka peauna (X,), B C KIOHAA KM X
W 3a BCAKA PEAMITA OT MONOKUATCIHU ducHa (f,), cxosama KeM () ceimecTByBa peauna (vV,), B
X KIOHSIA KbM V H Takapa, 4e X, + #,v, € C 3a BCIko 1. BUHAru ¢ M30bIHCHO BKIKOYBAHETO
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Tec(x) € Ke(x). Koraro Te(x) = Ke(x) xazsame, ue muoxectsoro C ¢ Clarke peeynapno wiu
MAHEHYUATHO PeYIAPHO B X.

Mocpencreom Taureunuanaus kouyc Ha Clarke nopmannusam rxounyc na Clarke Ngl(x) na C
B x € C ce AehUHMpa KaTO HETOBATA OTPHIATEIIHA TTOIIPA, T.C.

NE(x) = (x* e X* 1 (x",v) <0, VveTc)

Koraro rpanmanust nopmanen konyc Ha Mordukhovich Né(x) Ha 3aTBOPEHO MHOXECTBO
C B x (Bwx Mordukhovich [124]), koiiTo ce neduuupa karo ciabara® CEKBCHIHAIHA BHHITHA
rpaHuIa

(1.10) NE(x) ="~ Lim sup NE(y) := (w* —lim x}, : x5 € NE(x,), x, € C — x}
y—x

ChBIIaja ¢ HOpManHus KoHyc Ha Fréchet (pecm. ¢ npokcuMamuus HOpMalieH KOHYC) B X, Ka3-
Bame, ue C e HopMaaHo pe2yispHo B X TI0 OTHOIICHHE HA HOpManHug konyc Ha Fréchet (pecr.
NPOKCHMAITHUSA HOpMalieH kKonyc). O4eBHIHO HOpMAITHA PETYISPHOCT TIO OTHOIICHHE HA MPOK-
CHMAIHHUsL HOPMAJICH KOHYC BIICYe HOpMaTHA PEryIspHOCT 10 oTHoIeHue Ha Fréchet nopman-
HUSL KOHYC (IIOpaji BKIIKOYBAHETO Ng(x) c Ng (x)).

Ha nanmomuum (prsk Bounkhel u Thibault [33]), ue Besika OT ABETE HOPMAIIHH PETYASPHOCTH
preue Clarke TanreHnuanua peryispHoOCT.

Creapariara TeopeMa € eJIUH OT IICHTPATHUTE Pe3ynTaTH B TO3W naparpad.

Teopema 1.4.6. [la mpeAmomokum, 9¢ 3aTBOPCHOTO MHOXKECTBO C € MMPOKCUMATHO PETYIIAPHO
B X € C. Torasa ceimectByBa oxoaHOCT U Ha X Takama, ue 3a Bcsaiko X € U N C e B cuima
CIIIHATA HOPMATHA PEryIspHOCT

NE(x) = NE(x) = NE(x) = NE(x)

U CICA0BATCIIHO
0pdc(x) = Opdc(x) = 01dc(x) = dcdc(x),

T.¢. QYHKIMATA pa3CTOSHUE € CyOupepeHIMANTHO peryasipHa BeB Bcuuku Touku or U N C. B
YACTHOCT MHOKECTBOTO ' ¢ TaHTCHIIHATHO perymsipao B X € UNC. Ocren ToBa Ng(x) cC Ng(x)
3af3=2.

Ot Teopema 1.4.6 MOXeM Jia M3BEAEM IPOKCHMAIIHA HOpManHa (HopMyia, KOSITO € TOo-
MpeIu3Ha OT 1M0-001ara Takaea, gJokaszana B Borwein u Giles [25, Theorem 4] 3a npou3BoiaHO
3aTBOpEeHO MHOKEeCTBO C B peiiekCHBHO 0aHAXOBO TIPOCTPAHCTBO C TTO-CHa0H TPENOTOKCHHUS
3a HOpMaTa:

Tebpaenue 1.4.7. [la npeamonokuM, 9e MOAYIUTE Ha PaBHOMEPHA H3MTBKHATIOCT H paBHOMED-
Ha TIaJKOCT Ha HOopMmara || - || Ha X ca ot cteneHeHn THN. Ako C € MPOKCHMAITHO PETYISAPHO B
X € X, TO chITeCTBYRA OKOMHOCT U Ha X Takapa, uc 3a BCsAko x € UNC

NE(x) = NE'(x) = Limsup R, VFde ()

ygC
VX
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HJINn CKBHUBAJICHTHO

Opdc(x) = dcdc(x) = [0, 1] Limsup V¥ dc (),

yeC
Vo x

kpaeto VP e mpomssoamara ma Fréchet, a Limsup e cHIHA BBHIIHA TPaHMNA (T.€. 33 MHOTO3-
Hauno uzobpaxenne T : X =3 X*, Limsup T(y) := {limy) : vy, € T(yn), ¥y € D — x}).

yeD
y—oXx

1.4.2 Hanrpaduxn na J-plr pyHkunu
Wznonszeame uaen na Bernard u Thibault or [17, Proposition 4.8], 3a ga jgokaxem

Tebpaenue 1.4.9. [la npeamonokum, Y¢ MOAYINTS HA PABHOMEPHA H3MEKHAIOCT U PaBHOMED-
Ha TIAJKOCT Ha HOpMaTa || - || Ha X ca OT CTCMCHEH THI. AKO MOTYHCHPCKBCHATATA OTAOTY
¢byuxnus [ e J-plr B X € dom f, 1o Heitnara Haarpaduka epi f ¢ NPOKCHMAIHO PEryIspHO
MHOXeCTBO B (X, f(X)).

Karo 3naem, ue cyOuudepennuanst na Clarke dc w rpanuunusat cyOpubepeHiuan Ha
Mordukhovich 97, 3a mpousBoaHa MonyHENpeKbCHATA OTAOTY QYHKIUS f YIOBICTBOPSBAT (BHXK
Clarke [44], Mordukhovich [124])

def(0) = {x" - (", =1) € Ngj (%, fO)) m 0Lf(x) = {x" = (&, =1) € Nipy (%, fFO)),
ot Teopema 1.4.6 momygaBame

Caencrue 1.4.11. [la npeamonaoknuM, 4e MOAYAHTE HAa PABHOMEPHA U3NBKHATOCT M TIAJKOCT
Ha Hopmara || - || Ha X ca or creneunen tui. Axo f e J-plr B X, To ceinecrryra okoanoct U Ha
X Takapa, 4e 3a 8 = 2 ¢ U3IBIHCHO

0pf(X) COpf(x) = 0pf(x) = 0rf(x) = 0cf(x) 3aBcaxo x € U.

Karo pasrmexame pasnomepro J-plr Gynxnms B X 1o mojo0eH Ha4WH MOTydaBaMe pap-
HOMEpHA TPOKCHMaTHa peryiaspHocT Ha epi f. Oynkiusra f e pagnomepno J-plr B X, ako
CBITICCTBYBAT TOJIOKUTCIHH KOHCTAHTH ©, 7 TakWpa, |UC 3a BCIKO ¢ > O, BCako X € X u
x* € 0,f(x) Takosa, 4e ||X*|| < rt,

fO)= f)+ T (xX") -ty —x)],y —x) 3aBesxoy € X.

Tebpaenue 1.4.12. [la npeamonoxuM, 9e MOIYIANTE HA paBHOMEPHA M3IMTBKHATIOCT M TIAJKOCT
Ha HopMmara || - || Ha X ca ot crencHen tuil. Axo f ¢ papaomepHo J-plr B X ¢ mapamerpu r, @,
TO epi f € PaBHOMEPHO 1’ -IIPOKCHMATHO PETYISIPHO MHOXKECTBO 3a HAKOE 1 > %min{l/ 0,r}.

Ot ToBa TBBpJCHUE CIE/ABA, Y€ TPOTHBOIIOIOXKHATA HA KBAJpaTa HA HOpMara (QyHKIHA €
pasaomepuo J-plr:

Tebpaenue 1.4.13. da npeaAnoaoxumM, 9¢ MOAYIUTE HA PABHOMCPHA H3MTHKHATIOCT U TIIATKOCT

Ha HopMara ||-|| Ha X ca ot crenenen tui. Torapa pynxuusra —||-|? ¢ pasromepno J-plr B X u
. 2 1

B 4acTHOCT epi(—|| - [|*) € paBHOMEPHO F-IPOKCUMAIIHO PETYJIAPHO MHOKECTBO 3a HAKOE & > 7.
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3a ga cpagaum J-plr dynknuure ¢ d-pln gynknuure B Teopaeume 1.4.14 u Crepct-
Bue 1.4.15 mo-gomy mpeamosarame, e MOAYTHT Ha PaBHOMEpHA H3MBKHATOCT HA HOpMAara
€ OT CTeNeH g = 2.

Pasrnexxame npecyOaudepeHipaicH oneparop 0, KOUTO aconuupa ¢ BCska QyHKus f !
X — RU{+co} muoroznauno uzobpaxenue df : X = X* u yooBIeTBOPSIBA PAa3TUYHH CBOWCTRA,
KOUTO Ca B CHJIa 332 BCHYKM OOW4alHU cyOaudepeHInany B MOJAX0AIH IPOCTPAHCTBA (BHXK
Hedununus 2.1.1 u quckycusita cren Hest). Tyk mpejnonarame camo, 4e 3a Beska Qynkiust f
or X B R U {+00} 33 9 ¢ H3NBIHCHO BKIIFOYBAHETO

Opf(x) COf(x), 3amBeako x € X.

Cybaudepennuaiy, KOUTO ChABPAKAT IPOKCUMANHUs cyOauepennuan d, ca caMuar dp,, Of u
CICIOBATCIHO BCHYKH CYOU(EPEHITHAIN, KOUTO ChIBpPXKAT JF.

[a npunmomH#M, Ye TIOTyHENpeKbcHara oTnony ¢yukmusa f e J-pln B X € dom f (Bux
Hebununus 1.1.4) ako cemecterysar &,¢,® > ( rakupa, ue 3a Beuukd ¢ > O, x* € Jf(x)
Takuea, 4 ||x — x|| < e u ||x*|| £ ¢t ¢ u3nBIHEHO

{
fGHY > fo)+ ", x —x)— EHX/ — x||? 3a Besiko ¥’ € B(X, €).

Ouesnino 3a 8 = 2 3a Takasa QyHxnus f e usnwaneno df(-) N ctB* C dpf() B B(X, &).

Tebpaenue 1.4.14. [la npeamonoxum, 9¢ MOAYTHT Ha PABHOMEPHA H3TBKHATOCT HA HOpMAaTa
|- ]| mHa X ¢ ot cremen g = 2.
Axo f e d-plns X 3ad(-) D d,(), 10 f e J-plrBX.

Caencrue 1.4.15. [la mpeamonoxum, ye MOIYIUTE Ha pAaBHOMEPHA M3IMTBKHAIOCT M TIAJKOCT
Ha HOpMaTa || - || Ha X ca OT CTENCHEH THI. AKO Ca M3MBJIHCHH BKIIOUBAHCTO Jf (1) C dcf(-) m
npeanonokenuaTa Ha Tebpaenue 1.4.14, monynenpexkbcHarara otaony ¢ynkius f € d-pln B X
TOraBa M CaMo Torasa, koraro f € d,-pln B X u Torasa 3a § = 2 ¢ U3N'BAHEHO

Opf(x) = 0pf(x) = 0f(x) = Opf(x) = Lf(x) = Dc f(x)
334 BCIKO X B OKOJIHOCT HA X.

HMmame cumeTpudeH pesyarar KOraro MOJYIIBT Ha paBHOMEpHA INIaJKOCT Ha HOpMara || - ||
Ha X e OT cTeneH s = 2:

Tebpaenue 1.4.16. da mpeanoaoxumM, 9¢ MOAYIUTE HA PABHOMCPHA H3MTHKHATIOCT U TIIATKOCT
Ha HOpMara || - || Ha X ca OT CTCICHCH THN W CTCICHTA HA THAAKOCT ¢ § = 2. Axo f ¢ J-
plr B X, To f e d-pln B X 3a Bceku cyOaudepeniuan d, KOWTO YIOBICTBOPSBA BKIIOYBAHHSITA

dpf() COf() CAcf().

Caencrue 1.4.17. [la mpeamonoxum, ye MOAYIUTE Ha PAaBHOMEPHA M3ITBKHAIOCT M TIAJKOCT
Ha HOpMaTa || - || Ha X ca OT CTENCHCH THN WM CTEICHTA Ha TIAAKOCT ¢ s=2. [lpu mpeanomoxe-
unusita Ha Tewepacaue 1.4.16, ako nonyHenpekwsecHarara oraony (yuxmus f ¢ J-plr 8 X, 10 3a
p=2

Opf(X) = 8pf(x) = 0f (%) = O f(x) = OLf(X) = Ic f(%)

34 BCHYKH X B OKOJIHOCT Ha X.
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1.4.3 IIpoxcuManHa peryJsipHOCT H N-XHIOPeryJsipHOCT

Heka N(-) e najen HopMasien kouyc (ranpuvep N7 (), NP(), u TR.), aconuupan cxe cy6-
JHQEPEHIMANICH oneparop J, T.€. 3a MPOU3BOIHO 3aTBOPEHO MHOXECTBO C ¢ MHJIMKATOPHA
Qynxmus Y, e B cuna, ue Ne = dc u 0f(x) = {x* € X* 1 (x%, —1) € Nepi r(x, f(X)}.

Mpeamonarame u ye HOpMANHUST KOHYC N(-) YJIOBACTBOPsBA 32 MPOU3BOIHO 3aTBOPCHO
MHOKeCTBO C BK/IIOYBAHETO Ng(-) C N¢().

Caenpaiixu Poliquin u Rockafellar [137] u aganramuure B Bernard u Thibault [14], ka3ea-
Me, ue MEOKECTBOTO C C X ¢ N-xunopezynapno B X € C ako CHINCCTBYBAT &, > () Takupa, 4c
3a BCSIKO X* € N¢(x) takoma, ue ||x — X|| < eu ||x*]|| £ 1,

1
(1.11) 0> (x*,x —x)— 2—||x’ — x|* 3a Besiko X’ € B(X, &) N C.

r
Pasbupa ce (1.11) ¢ B cuta Toraga u CamMo TOrapa, KOraro OTCEUCHUAT HOpMaJIeH KoHYC Nco(+) N
B* e xunomonomonen 0mm30 1o X B 0OMYaiHUS CMHCHI, T.€. CHITICCTBYBAT &, ¥ > () Takupa, 4e
3a Bewuku x; € C N B(X, &) m x] € Nc(x;)) N B*, i = 1,2 ¢ u30bjIHEHO

¥ ¥ l
(1.12) () = 3,31 = x2) > ——llv — x0lf.

B Bernard u Thibault [14] muo)ectro C yuoriersopsigamio (1.11) 3a N(-) ¢ HapeueHo
HNPOKCHMAITHO PETYISPHO 10 OTHOIICHHE Ha HopMmamHus kouyc N(-). Tyk mpeanounTtame ja
U30I3BAME HAMMCHOBAHUETO N-XUnopezyiapHo MHOJCeCmB0 3apau xapakrepuzanusTa (1.12)
Yype3 XUMOMOHOTOHHOCT Ha N () N B* (kosATo HsiMa HUIMO 00MI0 ¢ H300paKECHUETO METPHYEC-
Ka MPOCKIHMs) U Ja 3a1a3uM JICQUHHIUATA HA TPOKCUMAIHO PEryisspHO MHOKECTRBO ([ledu-
aunms 1.4.2), 3a j1a HaOmeTHEM Ha PETYISAPHOTO CBOHCTBO HAa M300PAKCHHUETO METPHUCCKA
npoekius B Hest (Bk cbino Teopema 1.3.25(c)).

Or (1.11) 3abensizeame, ye C ¢ N-XUIOPETyIsSpHO B X TOraBa M CaMoO TOTaBa KOraro WH-
jqukaropHara My (Gyakius ¢ ¢ d-pln B X. [Ja nanomuum, (Bux Teopema 1.3.25 (1)), ue C ¢
MPOKCHMAITHO PETYASIPHO B X TOTaBa M camMo Torasa koraro ¢¢ ¢ J-plr B X. [To monoGen ua-
YHH paBHOMEpHaTa N-XHIIOPETYIApPHOCT 03Ha4Yapa, uye HepaBeHCTBOTO (1.11) e u3nbianeHo 3a
BeHukd X, X' € C u x* € Nc(x) N B* v TOBa CHOTBETCTRA HA PABHOMEPHOTO J-pln CBOHCTBO Ha
uHuKaTopHaTa QYHKIHUS Ye. [1o ChIMsS HAYMH PABHOMEPHATA TPOKCHMAITHA PETYISPHOCT HA
C ¢ cKBHBAJICHTHA HA PABHOMEPHOTO J-plr CBOWCTBO Ha (QYHKIHUITA Y. [a HAIOMHUM, Y¢ ¢
M § ca CTCIICHUTE Ha MOJYIUTE HA M3MBKHAIOCT W TIAJKOCT HA HOPMAaTa CHOTBETHO M Ue TE
yaosieTBopsiBar 1 < s < 2 < g. Ciyvast ¢ = 2 chbOTBETCTBA HAPUMEp Ha MpocTpancTeara L
c p€]l,2] as=2mnal? npocrpanctBara ¢ p € [2, +ool.

B cay4as koraro ¢ = 2, oT pe3yaTaTté OT OpeAXoHus noanaparpad moayyaBame

Craencrue 1.4.18. [la mpeamonoxum, ye MOAYIUTE Ha pAaBHOMEPHA M3MTBKHAIOCT M TIAJKOCT
Ha HOpMara | - || ma X ca oT cremeneH tum. Koraro MOIyamT Ha M3MBKHANOCT ¢ OT CTCICH
g = 2, 3areopeno mMHoxkectBo C C X ¢ N-xumnoperymsipuo B X € C (pecil. paBHOMEpHO N-
XHUIIOPETYISPHO) 3a HOpManeH konyc N, koitro yrosnersopspa NY(-) ¢ N(-) ¢ N€X(.) torapa
u camo Torapa, koraro ¢ N'-xunoperynspro B X (peci. pasromepro N'-xumoperynspho)
M TOrapa TO € CBINO TaKa MPOKCHMAIHO PEryiaspHO B X (PEC. paBHOMEPHO MPOKCHMAIHO




1.4. IlpoxcumaiHO pery/sipHH MHOXCECTBA H HAJATPA(MHUKH B PABHOMCPHO H3OBLKHANH ... 33

peryispHo) u 3a 8 = 2 € U3MBIHEHO Ng(x) = NE(x) = Ne(x) = NE(x) 3a Besxo X B HAKOA
oKoITHOCT Ha X (peci. 3a Besiko X € C).

B ciyuas koraro MOAyabT Ha [IAJKOCT € OT CTCICH § = 2 UMaMe 00parHaTa MMILIHKAIHSL.
Axo MOOYJUTC HA PABHOMCpHA HU3NBKHAJIOCT U TTIAJAKOCT Ca OT CTCICHCH THII U CTCICHTA
TIAAKOCT € §=2, TOKA3aTCICTBOTO ClieBa AupekTHO 0T TebpacHuce 1.4.16 u Crneacteue 1.4.17.
JloKa3aTeicTBOTO HA TBBPJCHHETO TMO-J0Jy MOKa3Ba, 4e Pe3yJaTarbT € B cuia W 0e3 jJa ce
MU3UCKBA MOAYIBHT HA PABHOMCPHA U3NLKHAJIOCT HAa HOpMaAra Jia 6’5,[[6 OT CTCIICHCH THIIL.

Tebpaenue 1.4.19. [{a qomycuem, e MOAYABT HA TIIATKOCT HA HOpMaTa ||-|| Ha X ¢ OT CTeTeHeH
tan § = 2. Axo 3arBopeHo MHOKeCTBO C C X ¢ mpoxcuManHo peryisipao B X € C (peciL.
PABHOMEPHO MPOKCHMAIHO PErYISPHO), TO ¢ N-XHUIOPEryisapHO B X (pecil. paBHOMEpHO N-
XHIIOPETYISPHO) 32 BCCKH HOPMAJICH KOHYC N, KOWTO YIOBICTBOPSRA NP() € N() < N,
Karo OCBEH TOBA 3a 3 = 2 uMame

NE(x) = NE(x) = Ne(x) = NE()

3a BCSKO X B HAKOS OKOJHOCT Ha X (peciL. 3a Besiko x € C).

3a pavuims or HOpMH (|| - ||;);e; O3HAUABAME C Nl.? HOpManHuAT KoHye N (manpumep N7,
N¢, NP wu T.H.), HOJYYCH NIPHM M3IMOJI3BAHE HA HOpMara || - |; B Herosara JCQUHUIUS U B
CHOTBETHHTE TIpecMsTanus. Konycure Nl.lD (-) Ha 3arBOpeHo MHOXecTBo C IEe O3HaYaBame C
NZ.P (C;.). Koraro nopmute || - ||; u || - ||; ca €KBHBaICHTHH, HAKOHM KOHLEIIMHU 33 HOPMAJICH
xoryc N’ jasar Nl.? = N;, KakTo ¢ Hanpumep B cayaante N = NF, N8, N\, NT NL5, xpaero

NE*(x) := Limsup NEO) = {lim X}, : x; € NE(x,), x, € C — x).

yoX

Toeopum 3a (|| - ||;, N)-xunoperymipaoct ua muoxecreo C koraro ceoiicreoro (1.11) ce

2 2
yaosaeTBOpsipa 3a Hopmara || - || = || - |l; u 3a xomyca N = N;. Koraro C ¢ (|| - [, N')-
XHUIIOPETYISPHO 3a BCsAKo i € I, mie kazsame, e C ¢ N’-XHIOPEryIspHO OTHOCHO (haMHIHATA
(I 19iez. o mogo0OeH HAYMH KOHIEHIUATA 33 HPOKCUMajIHa perysapHocT B Jedunumus 1.4.2 ¢
anpUHOPH 3aBUCHMA OT HOPMArTa, Taka 4e 3a JajicHa HopMa || - || Oelie Ka3aHo B Ta3u JCUHUIAS,

u¢ MHOKECTBOTO C ¢ || - ||-IPOKCHMATHO PETYIIPHO.
)
VeunmuaTa H 0 Kpas Ha TO3H Iojmaparpad ca HacO4eHH KbM cpasHsbamne Ha (|| - ||;, N7)-
XMITOPETYISPHOCTTA H || - ||;-TIpOKCUMaTHATa PETYISPHOCT Ha MHOKECTBO C 32 HOPMH B JIajicHa

tbamviums (|| - ||;)ic; ¥ CHOTBETHO CPARHIBAHE HA HOPMAIHUTE KOHYCH NZ.P (C;.) Ha TakOBa MHO-
xkecteo C.

[Ha 3abenexum, de ciej rpanudeH npexox B (1.11) necuo ce Buxja, 4e 3a HopMa ||-||, kosTo
¢ PABHOMCPHO M3TBKHAIA W paBHOMEPHO Tmaaka korato C ¢ (|| - ||, NV ?)—xnnoperynﬂpﬂo B TOYKA
Xc N’ = NP wm N° = N, 1o e (||-||, N&*)-xunoperysspao B X ¢be chimte napamerpu. Ocsen
TOBA, 3a HAKOA OKOMHOCT U Ha X W 3a § = 2 BKIIOYBAHETO Né(x) - Ng(x) € B CHJIA 32 BCSKO
x € U u ciaeaoBarcaino Ng(x) = Ng(x) = Né(x) = Ngl(x) uCe(l- ||,N?)—xnnoperyn;1pHo BX
3a Bomuku N’ Takusa, ue N'(-) ¢ NCI().
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Ha npenmonoxum, ue (||-||;)icr © paMuams 0T eKBUBAICHTHH HOpMH, KOUTO c¢a Fréchet nude-
PEHIMPYEMH U3BBH HAYAIOTO M TAKUBA, Y€ 3a HAKOC g € I, HOpMara ||-||;, € paBHOMEPHO IIaaKa
¥ paBHOMEPHO u3IbKkHAMa, OT Ka3aHOTO 10-rope 3HaeM, 4e ako C ¢ (||+[|;,, N¥)-xunoperynspmo
B X € C, TO CBINECTBYBA HAKAKBO ¥ > () M HIKAKBa OTBOPCHA OKOMHOCT U/ Ha X TakWBa, 4e 3a
Bewukn X, X’ e UNC u x* € Nl.%s(C;x) c [[x*]l;, < 1 (xaro o3maunm Ayananara Hopma Ha || - [|;,
O CHITMSI HAYHH)

0> (", 2" = x) = I ~ xoll3.

Torasa 3a cwimara oTBopena okoiaHocT U Ha X, 3a BCsko i € [ CHINECTBYBa HAKAKBO y; > 0
TaKoBa, ue 3a Bewuku X, X’ € UNC u x* € NF(C; x) ¢ ||x*|l; < 1 mmame

0> (X" x = x) -yl — xl2.

Crenosarenno 3a Besko i € I muoxectsoro C e (|| - ||;, N¥)-Xxumoperyaspro BsB BCSKA TOUKA
xeUnCu3zap="72umame

NiP(C;x) c Ng(x) = Ng(x) = Ngl(x) 3aBcako x € UNC,

OrpanuyaBaiiku pasriieKJaHuATa CH 10 (GaMHINH OT HOPMH C ONPEICICHH CBOWMCTBA TO-
AydaBame OCTaHAIUTE pesynTard B noanaparpada. ETo u nepBus OT TsX.

Teupraenue 1.4.20. [la npeamonoxum, 4e (|- ||;)icr € GaMuins oT CKBHBAJICHTHH HOPMH, KOUTO
Ca paBHOMCPHO IMIAAKU U paBHOMCPHO U3NBKHAIN C MOAYJIN HA U3IIBKHATIOCT 6||||l OT CTCIICHCH
THO ¢ =2 3a BCWUIKH § € [.

Axo 3atBopeHoTO MHOXKECTBO C € (|| - ||i0,NP )-xumnoperynsapuo B x € C 3a Hskoe ip € 1, T0
(a) maoxectroTo C € (|| ||;, N)-XUIIOPEryISPHO B X 33 BCAKO [ € | W 32 BCCKH HOPMAJICH KOHYC
N taxss, ge N(-) € NY();
(b) muoxkectroTo C € || - ||;-IPOKCUMAITHO PETYJSIPHO B X 33 BCAKO [ € [
(¢) ceiiecTryra Hsikakea OkoaHOCT U Ha X Takaea, 4e 3a Besko x € UNC u Besiko i € [ u 3a
B = 2 paBeHcTBara Ng(x) = NZ.P(C; X) = Ngl(x) cascumau C ¢ (|| - ||, N)-XumoperymaapHo B x
34 BCCKH HOPMAICH KOHYC Nc(-) TakbB, 4e Ng(-) C Nc(h) C Ngl(-).

Ilo-nararek ce orpanuyasamMe 10 ciaydas Ha R", cnadueno ¢ pavumusa (|- ||,)p>1 OT KIacu-
aeckn [p-Hopmu, Te. [|x]l, = (X, [alP)P.

Tenpaenne 1.4.21. Jla npexunonoxum, ue X = R" u (|| - [[,)p>1 € Gamunuara or /,-nopmu ¢
p>1
1) Ako 3a msikoe po > 1 muOkectBoro C ¢ (|| - ||p0,NP)—XI/IHOpeI'YJI$IpHO BxeC, 10
(a) muoxectsoro C € (|| - [|p, N)-Xunoperyispao B X 3a BCAKO p > 1 U 33 BCEKH HOpMajleH
xoryc N takss, ue N(-) € NY();
(b) Muoxectsoro C ¢ || - ||,-IpOKCHMAIHO PEry/IApHO B X 3a Besko p €]1,2];
(c) crimecTRyBa HAKakBa OKOMHOCT U Ha X Takapa, ue 3a BCAko p €]1,2]1u p’ >2u3zaff =2
nMaMe

le/(C;x) C le(C;x) = Ng(x) = Ngl(x) 3a BCsako x € U.

2) Axo 3a HaKOE po > 2 MHOKECTBOTO C ¢ || - [|p,-IIpokcuMano peryiaspuo s x € C, 1o
(a") muoxectroro C € (|| - ||p, N)-xunoperyasapuo B X 3a BCAko p > 1 U 3a BCEKH HOpMajleH



1.4. IlpoxcumaiHO pery/sipHH MHOXCECTBA H HAATPA(MHUKH B PABHOMCPHO H3OBKHANH ... 35

xouyc N Taxss, ue N(-) ¢ NE();
(b") muoxectoto C ¢ || - ||,-MPOKCHMATHO PEryasapHO B X 3a Besiko p €]1,2];
(¢’) cemecTryBa Hsikakea okoHOCT U Ha X Takama, 4ye 3a Besko p €]1,2]u p’ >2uszaf =2
nMame
le/(C;x) c le(C;x) = leo(C; X) = Ng(x) = Ngl(x) 3a BCsako x € U.

1.4.4 CpapHsiBaHe HA HOPMAJIHH KOHYCH

3a 3arBopeHo moaMHOKecTBO C Ha X cpaBHABaMeE KOHycCa Ng(-) OT POKCUMAJIHU HOpMaJl-

HE (QYHKITHOHATH ¢ HOPMATHHS KOHYC Ng(-), KOraTo 3 € CTeneHTa Ha MOJy/la Ha pABHOMEPHA
M3ITFKHATOCT WM Ha MOJyJIa Ha paBHOMEPHA ITIaIKOCT HA HOpMara Ha X.

Tebpaenue 1.4.22. Heka C e 3arBopeHO MoaMHOXKECTBO Ha X W Heka x € C.
(a) Ako MOIyABT HA M3MBKHAJIOCT HA HOpMATa || - || Ha X € oT CTeeH ¢, TO

P
N&(x) C NL(x).
(b) Axo MOIyTBT Ha IMAAKOCT HA HOpMaTa || - || Ha X € OT CTeNeH S, TO

NE(x) € N&(x).

1.4.5 3anma3BaHe HA XMIIOPEryJsIPHOCT U MPOKCHMAJIHA PeryJIsipHOCT

Tyk u3zciieiBaMe Jaiu MPOKCHMATHATA PETYIAPHOCT CE 3ama3Ba Ipu MpecHYaHe Ha KpacH
Opoit MHOXECTBA M pU 0OpaTHo u3oOpaxkenue. Xapakrepuzanuute B Teopema 1.3.25 na npok-
CHUMAJIHA PErYIAPHOCT YPe3 XUIOMOHOTOHHOCT HA MPOKCHMAJIHUS HOPMAJICH KOHYC, KaKTO U
Ype3 OKaTHA STHO3HAYHOCT U HEMPEKBCHATOCT HAa M300paKEHHUETO METPUICCKA MTPOCKITHS ca
OT pernaparno 3HaueHue npu usydasanero or Edmond u Thibault [68] na nudepenimannu
BKIIIOUBAHMWA TIPHA TIPOIICCHU OT TUII UBMHUTAHC, KOUTO CC YIIPABIABAT OT HCU3SNLKHAJIU TIPOKCHU-
MAaJTHO PEry/ISipHU MHOKECTRA. [Ipu perynspusanusata Ha TaKuBa JHQEPEHITMATHE BKIIOYBAHUS
B xunnbeproro npoctpancteo Thibault [159] usnomsea ceoiictroto (f) ot Teopema 1.3.25. Tlo-
JIOTy TIe CE BB3MOA3BAME OT IpeAUMCTRBAaTa Ha CBOMCTBOTO (1.8), 3a 1na uscienpame cradui-
HOCTTA Ha MCTPHUUCCKATA MPOKCUMAIHA PCTYIAPHOCT NPU TOPHUTC ONCpaliui HA/l MHOXKCCTBA.
B jieficTBHTEIHOCT 3amouBame che crabmmmocT na NP-xmumoperymaproctra karo usmomnspame
cporictBoro (1.11), koeTo ¢ B chimara MOCOKa, KakTo U CBOHCTBOTO (1.8).

CedeHHETO HA KpacH OpOi IMPOKCHMAIIHO PEryIsPHA MHOKECTBA MOXKE U J1a HE OBJIC TPOK-
cumamHo perymspHo. Jla B3emeM B R? (pasraexk/ano ¢ eBKIHA0BATa HOPMA) TIPHMEPA, KOHTO €
mmoctpupan Ha Dur. 1. Tam MuaOKEeCcTBOTO C) € OTCCUKara (X1X2), {X;}; € peauna OT TOUYKH B
C1 cxomsria KpM HAKaKBO X € (1, a MHOKecTBOTO (7 € 3aImpuxoBaHara 00/1acT, OrpaHHYCHa

OT eHaTa CTpaHa OT 3aTBOPEHATA ABra XiX Ha HOIyKpBra ¢ pamuyc R = ||x; — x/|/2, a or

Jpyrara cTpaHa OT JBIUTE HA KPBIOBeTe (6CUYKU ¢ eOHaKbE paouye r < R) X1 ,i € N,
Taka 4¢ X MpuUHAICKH ChIno Ha Cy. JIGCHO ce BWXK/A, U¢ TOKATO U ABeTe MHOKecTBa C1 u Cy
¢a MPOKCHUMAJTHO PETYJSIPHU B X (T€ JOPH Ca PABHOMEPHO MPOKCHMAITHO PETY/SIPHU ), TAXHOTO
ceuerne C1 N Cy HE ¢ MPOKCHMATHO PETYLIPHO B TOUKATA X.



36 TInama 1. @yHxnuu ¢ KBAAPATHIHA OLCHKA OTAOAY H IIPOKCHMAHO PETYIAPHH MHOXECTBA

X

@ur. 1. Cedyenne Ha IPOKCHMAIHO PeTYILIPHA MHOXKECTBA

3a 1a MOAYYMM AOCTATHYHO OOIIH JOCTATHYUHH YCIOBHS, MPH KOWTO CC 3ama3Ba MPOKCH-
MaTHATa PEryJBIPHOCT HA CCUYSHUETO WM HA 00paTHOTO H300pakeHne, H3MOI3BaME TIOHATHETO
3a ypaBHOBeceHOCT (calmness) Ha Muorosnadno uzobpaxkenue ot Rockafellar u Wets [152].
Kassame 4e ceuennero Ha kpaiina Gpamunus ot muoxkecrsa {Cyl)", € mempuuecku ypasnose-

m
cerno (metrically calm) B Touka X € I‘ﬂl C ako cwinecTByBar koucraura y > O u oxonuoct U

Ha X TAKHBA, 4C
(1.13) d(x, n ck) <y (dxC)+ - +d(x,Cp)) 3aBosixo x € U,

KbJeTO d(X,A) € Pa3CTOSIHUETO OT X JI0 MHOKECTBOTO A.

Heka F : X — Y ¢ uzoOpaxenue ot X B APYro paBHOMEPHO M3MBKHAIO O0aHAXOBO MpOC-
TpaHcTBO Y, Heka D e moaMHOXkecTBo HA ¥ u X € F ‘I(D). Kaszeame ue uzobpaxenuero F e
Mempuuecku ypasuoeeceno (metrically calm) B X 0OTHOCHO MHOXECTBOTO D KOTATO CHINECTRY-
Bar koHcTanta y > O u okomHOCT U HA X TakuBa, 4c

(1.14) d(x, F7Y(D)) < yd(F(x), D) 3aBosixo x € U.

Tebpaenue 1.4.23. Heka {Cy}) | e xpaiina Gpamuins ot 3aTBOpeHu MHOXeCTBA B X U Heka D
€ 3aTBOPEHO MHOXKECTBO B Y.

m
(a) Axo Bcmakm MuONecTBa Cy ca NP-xumoperynspuu B Touka X 0T kml Cr ¥ aKko TO € MeTpH-

m
YECKH YPABHOBECEHO B X, TO kﬂl Cr e NP -xunoperymspno B X.

(b) Ako uzobpaxennero F : X — Y ¢ or kiac C1! oxono touxa X € F~Y(D) u ¢ merpnuccku
ypaBHOBECEHO B X oTHOCHO D 1 axo D e NP-xunoperymspno B F(X), To muoxectsoro F~1(D)
e NP-xunoperymspnro B X.

Crnenpamoto ¢ gupekTHo crneacteue ot Crenacteuce 1.4.18.



1.4. IlpoxcumanHo peryJsIpHH MHOXCECTBA H HAATPA(QHKH B PABHOMEPHO H3HBKHAIH ... 37

Caencreue 1.4.24. [{a npeAnonoxuM, ¢ MOIYIUTE HA H3MBKHATOCT M TIAAKOCT HA HOpMAaTa
Ha X ca OT CTENEHEeH THI M CTETEHTA Ha H3MBKHAIOCT € ¢ = 2. Torasa mpHu NpeATIoIOKEHHATA

m
Ha Teepacuue 1.4.23 mMuoxecTBara kﬂl Cr 1 F71(D) ca npokcHMaIHO pery/ispHH B X.

Koraro npoctpaucteara (X, || - |) u (Y] - ||) ca xunbeproeu, Tespacuue 1.4.23 o0scHs-
Ba, BBB BpB3Ka chc Cnexcreue 1.4.18 u Teepaenne 1.4.19, 3amazpaneTo Ha mpokcHMamHaTa
PeTYISPHOCT.

Cuencreue 1.4.25. Jla npeanonoxum, 4 X u Y ca xundeprosn mpocrpanctea. Hexa (Cr)L,
¢ Kpaitna GaMuaus OT 3aTBOPCHH MHOKECTBA B X U Heka [ ¢ 3aTBOPEHO MHOXKECTBO B Y.
(a) Axo Bcnuku MHOXKecTBa C ca TIPOKCUMATHO PETYISPHU B TOYKA X OT CEYCHUETO HA MHO-

m m
JKeCTBara kﬂl Cy ¥ aKo TO € METPUIECCKH YPaBHOBECEHO B X, TO CCUCHUETO kﬂl Cy e mpokcumar-

HO PEeryispHO B TOYKAaTa X.

(b) Ako m3obpaenmero F @ X — Y ¢ or kiac C! okono Toukara ¥ € F~1(D) u ¢ Merpruecku
YPaBHOBECEHO B X OTHOCHO D W ako DD € MpOKCHMAaITHO PeryasipHO B F(X), TO MHOKECTBOTO
F~Y(D) e npokcHMaIHO pery/ispHo B X.

[Mpu amamusupane Ha gokazarciacTBoTO Ha TBbpacume 1.4.23 ce ycTaHoBsaBa, 4e¢ paBHO-
MEPHHAT CITy4ail chIno cieapa. Tyk ro popMyrupaMe camo 3a coydas Ha CEUCHUE, CIydasT Ha
oOpareHn 00pa3 ce¢ NpaBd aHAIOTHIHO.

Tebpaenue 1.4.26. [a mpeamonoxum, e 3arBopeHute MHOXKecTBA Cp, K = 1,...,m, ca r-
pasromepno NP-xumoperymsapuu (peci. r—paBHOMepHo npokcumanHo perymipan u (X, || - |])

¢ xuI0epToBO HMPOCTPAHCTBO) U UE TAXHOTO CEUCHHUE ﬂ Cy € ypaBHOBECEHO BBB BCAKA CBOA
TO‘IKa € €JJMH U CBII MOJYI Y Ha METPUYECKA ypaBHOBeceHOCT ot (1.13). ToraBa MHOKECTBOTO

kﬂl Cy e r'-papHOMepHO N'-xumnoperyispHo (pecit. r’-paBHOMEPHO METPHUECKH TIPOKCHMAJIHO
perymipuo) ¢ v’ := r/(my).

B mmreparypara ce cpemniar yCIOBHs BBPXY HOPMAIHH KOHYCH HA MHOXECTBOTO, KOHTO
OCHTYpsIBaT HEpaBCHCTBATA 3a MeTpudecka ypasHoBecenocT (1.13) u (1.14).

Mpumep na ycnosue 3a (1.13) e m3BectroTo (Bux nanpumep loffe [90, crp. 548-549]) mon
HUMETO YCIOBHE 3a 00IIO TMOJOKCHHE HA CCYCHUETO HA KpacH Opoii MHOKecTBa. B KOHTEKCTa
HA HAIICTO PABHOMEPHO M3IBKHAIO OAHAXOBO MPOCTPAHCTRBO TO TIACH, Y€ 3aTBOPCHUTE MHO-
xecrea C1,...,Cy (omHOCHO HOpManHUA KOHYC HA Fréchet) ca B cexgeHyuanno obujo nono-

m

Jicenue BX € kﬂl Ci XOTaTo 3a BCAKA PEMMNA (X115 " * 5 Ximns X] 5 ° " " » Xy ) 38 KOATO Xpen € Ck,

Xiw — X, xkn € N (xk )N B* 1 ca TakuBa 4ue Z xk — (), ¢ H3IBIHCHO ||x};n|| — () 3a BCsko

k=1

k=1,...,m

Hpyro yciioBme, ¢ KOSTO € MHOIO T0-JICCHO J1a ¢ paboTH, Kacae KakTo U 1MO-rope HopMai-
HHUTE KOHYCH, HO BBB (PHKCHPaHA TOUKA X. TO BEPOATHO 3a ITHPBH BT CC MOABIBA KATO STHO OT
npeanonomkerusTa B Theorem 4.10 na crarusta ua Federer [73] 3a muoxecrea B R”, kouto He
ca nmoaMHuoroodpasus. Muoxecreara Cr, k = 1,...,m, (0MHOCHO 2paHUYHUA HOPMANEH KOHYC)
ca B MOUK060 0010 NOL0CEHUE B X aKO PABCHCTBOTO X] + -+ + X, = 03a x; € Nék(xk) BICUC
xp==x,=0.
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Ma mamomuaum, ue 3atBopeHO MHOKECTBO C B X ¢ KOMNAKmHO epi-tunuiuyoeo B X € C
(Bmwx Borwein u Stréjwas [30]) ako CHIIECTBYBAT KOMIIAKTHO MHOXECTBO (J, okoiHOCT V Ha
HA4amoTo, OKOTHOCT U Ha X B X W MOTOKUTEIIHO PEaTHO YHCHO £ TakuBa, e C N U + 1V C
C +tQ 3a Besiko ¢ € )0, ], Pa3zOupa ce, BCSIKO 3aTBOPSHO HMOJMHOKECTBO HAa X € KOMIIAKTHO
epi-THIIMNHIOBO BEB BCAKA CBOS TOYKA KOTATO MPOCTPAHCTBOTO X € KpaHOMEPHO.

Canencreue 1.4.27. Heka {Cg}}", ¢ kpaiina (amMuais OT 3aTBOPEHH MHOXKECTBA B X M X €
m
ﬂl Cy. Torama caemHuTe ca B cHja:

(a) Axo mHOkecTBara Cy ¢a B CEKBCHITHAIHO OOINO TOJIOKEHHE B X H aKO BCAKO MHOXCCTBO

C; e NP -xunoperynapuo B X (pecn. npoxcumanno peryaspro B x u (X, | - |[) e xunbeproso
m

MPOCTPAHCTBO), TO CCUCHUETO kﬂl Cr e NP-xunopery/sipHo (pecil. IMPOKCHMAIIHO PEryIsipHO)

B X.

(b) Axo Bcuuku MHOKECTBA Cp ¢ UBKIIOUCHUE HAW-MHOIO HA ¢/JHO €A KOMITAKTHO ePi-JIHIIIIH-

IOBH B X, TO CEKBCHI[HAIHOTO OOIO MOJIOKCHHE B () MOXKE J1a CC 3aMCHH C TOYKOBO 0OIIO

MOJIOXKEHUE B X.

(¢) Axo nmpocTpancTBOTO X € KPAHOMEPHO, OTHOBO CEKBCHIIMATHOTO OOIIO MOJIMKEHHUE B (a)

MOXKE JIa C& 3aMCHH C TOYKOBO OOINO MOJMKCHHE B X.

Pesyararet (¢) e gokasan B (5) ua Theorem 4.10 eee Federer [73].

1.4.6 KoHu4Ha NMpou3BOAHA HA H300pakeHneTo P

CreaBammioro TBBPJICHHE € Pe3ynTar, KOHTO € j00pe M3BECTEeH 33 M3ITBPKHAIH MHOMKECTBA
B xuadeproro npocrpancteo (Bux Zarantonello [171, crp. 300]). TepMuabT KOHUYHA TIPO-
u3pojHa ¢ nmocodeH Ha ctp. 301 B Zarantonello [171]. PesynrarsT HE3aBHCHMO € HPOABII-
sxeH or Canino [37] 3a 3aTBOpEHH p-W3NBKHATH MHOXECTBA B XHIOCPTOBO TPOCTPAHCTBO W
oT Shapiro [153] 3a 3aTBOpeHH MHOXXECTBA C TAHT'CHITHATHO YCIOBHE OT BTOPH pej CHINO B
XUAOEPTOBO TMPOCTPAHCTBO. M3BECTHO €, Ye B KOHTEKCTA HA XHUIOSPTOBO MPOCTPAHCTRO (BHIK
Poliquin, Rockafellar u Thibault [138]) koHmenusaTa 3a p-U3MBKHAIO MHOXECTBO ¢ CKBHBA-
JICHTHA HAa PABHOMEPHATA MPOKCUMAITHA PETYISPHOCT M Y€ TAHTCHIIMAITHOTO YCIOBHE OT BTOPH
pe/l ¢ CKBUBAIICHTHO HAa JOKAIHATA MPOKCHMAITHA PETyISpHOCT. ToraBa ChOTBETHUST pE3ynTar
B Shapiro [153] moxke ja Obje 1MOIyYeH 3a NPOKCHMATHO PEryiaspHd MHOXeCTRA. [a othe-
JCKUM CBINO Taka, ue jokazaresicteoro B Canino [37] ¢ BAPHO W 3a MHOXECTBA, KOHTO Ca
MPOKCUMAJTHO PETY/ISIPHHE B PA3IIICIK/IAHATA TOUKA HA XHUIOSPTOBOTO MPOCTPAHCTRO. TRBPACHH-
eTO TO-JI0Ty € B KOHTCKCTA Ha PABHOMEPHO H3ITBKHAIIO TPOCTPAHCTBO.

Tebpaenue 1.4.28. a mpenoaoxumM, 9¢ MOAYIUTE HA PABHOMCPHA H3MTHKHATIOCT U TIIATKOCT
Ha HopMmara || - || Ha X ca or cTeneHeH THN. [a IpearnonoX)uM ChIO Taka, Y€ 3aTBOPEHOTO
MHOXecTBO C B X € MpOKCUMAaITHO peryisapHo B X € C. Torasa chInecTBYBa OTBOpPEHA OKOTHOCT
U ma X Takama, u¢ Pc ¢ ¢qHO3HAYHO W HEMpekhcHaro B U W Takora 4e 3a Besiko X € U N C
uy € X, 32 KOUTO M300PaXKECHUETO [ — 7[Pc(x + 1y) — x] € OTPAaHWYCHO B HAKAKHRB WHTCPBAT

10, 1], umame

1
ltl,l%l 7[Pc(x +1y) = x] = Pge()
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1
M IPOM3BOAHATA 1O MOCOKA di-(X;y) = lzif(? 7[dc(x + 1y) — dc(x)] Ha dyHkuusTa pascrosHue

dc B X 10 mocokara y chimiecTByBa U d.(X;y) = d(y, Kc(X)), KOETO B TEPMHHOJIOTHATA HA
Zarantonello [171] o3na4ara, ue dy(X;-) € KOHHYIHA POU3BOHA.

B ciiydas Ha xun0epToBO MpoCTPaHcTBO X H300PAXKCHUETO Pr € IMIIIUIOBO OKOJI0 X (BHIK
Poliquin, Rockafellar u Thibault [138]) u cieqoBaTeaIHO TPEAIOIOKCHHETO 32 OTPAHHYUCHOCT
B TOPHOTO TBBpPJCHHE € M3MBIHEHO W upe3 Cmexctsue 1.4.29 mo-momy MoxeM jaa Monydum
pesynrarure ot Proposition 2.12 g Canino [37] u Theorem 3.1 8 Shapiro [153]. Pesynrarst ¢
Jokasan B Shapiro [153] upes u3monzpane Ha HAKOM CBOHCTBA Ha PEIICHUATA HA MEPTYpOUPAHU
ONITUMHU3ANTUOHHU 3a/Ia9U, YAOBJICTBOPABAIIN HAKOU MOAXOIANTN YCIOBHA. I[OKEB&TGHCTBOTO B
Canino [37] e OazupaHo Ha AYATHOCTTA B XHJIOCPTOBO MPOCTPAHCTBO MEKIY TAHTCHI[HAIHUS
kouyc Kc(x) m nopmamaus konyc PNc(x) 3a mpokcuMaaHO perymsapau MHoxkecTBa C. Taxo-
Ba JIyaJHO CBOWCTBO HAMA M3BBH XWUIOEPTOBHA CITy4ai MOPajH HETUHEHHOCTTA Ha TyaTHOTO
uzobpakenue J. Bmecto toea, jokaszarencteoro Ha TebpacHue 1.4.28 no-rope € CBBP3aHO
¢ TaHTeHIUanHaTa perymipaoct Ha C, ycraHoeHa B Teopema 1.4.6 u chc cexBeHITHAmHATA
Xapakrepuzanus Ha TanreHiuanuus konyc Ha Clarke (koATO TPUIMIOMHHXME B HAYajdoTO Ha
noamaparpad 1.4.1).

Caencreue 1.4.29 (Canino [37, Proposition 2.12] u Shapiro [153, Theorem 3.1]). [a upen-
noJ0xuM, 4¢ X ¢ XuIOepToRO MPOCTPAHCTRO H Y€ MHOXKECTBOTO C € IPOKCUMAJIHO PEryIIspPHO
B X € C. Torara 3a Haxost okoaHOCT U Ha X mMame, 4e 3a BCAkO X € UNC uy € X MPOU3BOTHUTE

1
1o 1mocoka Ha Pe v Ha de B X 110 MOCOKA Y CHINECTRYBAT KATO hlr(I)l ?[Pc(x + 1) = x] = Pgoo(y)
t

u dp(x;y) = d@y, Ke()).

1.4.7 Cxomumoct

B To3u moamaparpad ce uHTEpecyBaMe OT MOBEIACHUECTO HA H300PKCHUETO METPHUECKa
NPOEKIHA BEPXY IPOKCHMAIHO PErYIAPHA MHOXKECTBA.

PasmiexxjamMe paBHOMEPHO F-TIPOKCHMATHO PETYISIPHO 3aTBOpeH0 MHOXecTBO C. OT jio-
kazarencTeoTo Ha Teopema 1.3.27 mmame, ye QyHKITHATA d% ¢ Fréchet augepennupyema B
r-orBopenara okouHOCT Oc(r) ;= {x € X : dc(x) < r} Ha C u ye Pc ¢ CAHO3HAYHO W HEIPEKBC-
HATO OT HOPMHpaHaTa B HOpMHpaHara Tononorus uzobpaxkenue ot Oc(r) B C. Hemo noeeue,
0T gokazarencTBoTo Ha TeBpAcHuUC 1.3.30 umame, ue 3a Besko x € O¢(r)

v (%d@) (xX) = J(x — Pc(x)).

o ce oTHAcA M0 HEMPEKBCHATOCTTA HA P, MokazareacTroro Ha Teopema 1.3.27 ka3ma mose-
ue, a uMeHHO 4e¢ Pe ¢ nokanno Holder venpexscuaro 8 Oc(r). Crneapanmre IBe TRBPIACHUS
HU JaBaT HAKOHM JONBIHUTCIHH CPEJICTBA, OT KOMTO IIC CC HYXJIAEM B JIOKA3aTCICTBOTO Ha
Teopema 1.4.33 mo-gomy.

Tebpaenue 1.4.30. da mpeanoaoxumM, 9¢ MOAYIUTE HA PABHOMCPHA H3MTHKHATIOCT U TIIATKOCT
Ha HOopMara || - || Ha X ca oT CTEIeHEH THIl ¢ U § ChOTBeTHO. Heka r, 7/ ca NOA0KUTeIIHN YHC/Ia,
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Takupa 4e 1’ < 5 u Heka p > 0. Torasa chiecTByBa KoHCTaHTa y > () 3aBHcenia camo ot 7, 1’
U 0, TAKABA Y€ 33 BCAKO PABHOMEPHO F-TIPOKCHMAIIHO PErYISPHO 3aTBOPeHO MHOKECTBO C B X
1 s=1
1 F 2 F 2 =l
umame ||Pc(x1) — Pe(x)ll < yllxy — xall7 u [[VE de(x1) — Vi de(e)ll < yllxyr — x2l ¢ 3a Bonuku
X1, X2 € Oc(r") N pB.

B TBBpAcHHETO TIO-TOpE NpH orpanndcHueTo 1* < r/2, crenenra wa Holder menpexnpcHa-
ToctTa HA Pc B Oc(r’) N pB e 1/g (xbeTo ¢ € crenenta HAa PaBHOMEPHA M3IMBKHAIOCT Ha
HOpMaTa), T.¢. camo MoAymeT ¥ Ha Holder menpexneHarocTTa 3aBucH OT ¥ U p. AKO 0TCITabuM
orpanmdeHueTo ¥’ < r/2 no v’ < r W jomycHeM, 4e crenenta Ha Holder mempexbcHaTocTTa
3aBHCH CBINO OT ¥’ M p, MOXKEM JIa JIOKKeM cieauus pesyarar 3a Holder HenpexbcHarocT Ha
Pc B Oc(¥') N pB, HO TO3W BT 33 MPOU3BOIHO 1 < 7.

Tebpaenue 1.4.31. a npeAnoaoxumM, 9¢ MOAYIUTE HA PABHOMCPHA H3MTHKHATIOCT U TIIATKOCT
Ha wopmara | - || ma X ca OT CTeNeHeH THI ¢ W § CHOTBETHO. Heka p, 7,7’ ca TOJOKUTEITHA
peamau uncna u ¥’ < r. ToraBa CBINECTRYBAT MOJAOKHTCIHN KOHCTAHTH ¥y U 6 < 1 3aBucernn
camo oT 1/, ¥ M p, TAKHBA Y¢ 32 BCAKO PABHOMEPHO F-MPOKCHMAIHO PETY/SIPHO 3aTBOPCHO
mnoxectso C B X mmame |[Pe(x1) — PGl < ylxr — xl? u IVFdE(x) - Vi) <
ylix1 — x2]°4~D 3a Benuknm x1, X2 € Oc(r') N pB.

[Mo-Touno, ako pehunupame (@), Karo @ = % H Uyl = 1+20‘”, TO 3a BCCKH 1 € N,
p >0, a €]0,q,[, crinecTByBa HOAMKHUTEIHO PEATHO YUCIO k (3aBHCEIO CamMo OT o, @ |
1) TAKOBa, Y€ 33 BCSAKO PABHOMEPHO F-MPOKCHMAITHO PErY/ISPHO 3aTBOpeHO MHOKeCTBO C B X
n3o0pakeHueTo Merpudecka npoekius Pe ¢ Holder nenpexscuaro 8 Oc(a'r) N pB ¢be crerneH
6= qin U MOJYI k.

Hexka T U {fg} ¢ TOmMOAOTHYHO TPOCTPAHCTRO, TAKOBA 4YC fp ¢ TOUKA HA CTHCTARAHC HA 1.
Ha nanomuum, ue dpamunus (Cer OT HENPA3HH 3aTBOPCHHU IOAMHOXKECTBA HA X KIIOHH B
cmucha Ha Attouch-Wets (e Attouch u Wets [2], Beer [13], Rockafellar u Wets [152]) kM
3aTBOPCHO MHOKECTBO C B X KOTATO ¢ KJIOHU KBM £y aKO 3 BCAKO TIOTOKHUTCITHO PCATHO YHCIIO
£ € U3IBIHEHO sup |dc,(x) — de(x)| — 0.

xepB =

Teopema 1.4.33. [la mpeamonokum, 4e MOAYINTS HA PABHOMCPHA M3TEKHAIOCT U TIATKOCT HA
nopmara || - || Ha X ca or creneuen taun. Heka (Cper € haMuius 0T 3aTBOPCHH PABHOMEPHO
F-IPOKCHMATHO PETyISPHH MHOXESCTBA B X, KOUTO KIOHAT B CMHCHI Ha Attouch-Wets kbm
3areopeHo MEOKECTBO C B X. Toraa C ¢ paBHOMEPHO 7-IIPOKCHMATHO PETYISIPHO U 33 BCSKO
X0 € X, Taxopa ue d(xp, C) < r uzobpaxkenuero ¢ — Pc,(xo) u ynxuusara ¢ > VI dé(xo) ca

Ae(hUHUPAHK B OKOTHOCT Ha fo, Pc,(X0) — Pc(xp) 1 vF a%t(xo) —vF a%(xo).
=1t =1t



I'nasa 2

NHTerpyemMocT Ha cyoaudepeHumanmn
HAa PYHKIIUHU

LenTa 1a ce u3y4apa MHTETPYEMOCTTa HA CyOH(pEepSHITUAIHN € J1a CE OTTOBOPH Ha BBHIIpOCa
JIalld YCIOBHETO, Ye cyOaudepeHmansT Ha g ChAbpKa cyOaubepennuana Ha f Biede, 4ye
f ¥ g ce paznuuaBar ¢ KOHCTaHTa. UecTO BMECTO 3a MHTETPYEMOCT Ha cyOaudepeHnuani
Ha (YHKIIHHA CE TOBOPH 3a MHTETPYEeMOCT Ha (YHKIHH, KaTO M B JBAaTa CIydas CMUCBIBT €
CHIITHAT.

Wssectrust pesyarar na Moreau-Rockafellar [147] naBa monokuTenen OTTOBOp Ha TO-
3 BBIIPOC KOTATo f W g ca TMOMYHENPEKbCHATH OTA0MY U3MBKHAIM (YHKIHH, JeQUHHpAHH B
0anaxoBo mpocTpacTBO. OTTOBOPBHT € TONOKHUTEICH H 38 HIAKOM KIIACOBE JTOKATHO JTHIIITHII0-
Bu QyHkiun (Bik Borwein u Moors [27], Borwein, Moors u Wang [28], Correa u Jofre [50],
Correa u Thibault [54]). [TEpBOTO 3HAYUTEIHO PA3IMIUPECHUE H3BHH U3THKHATHSA W IOKATHO JTHII-
IMHIOBHUS CAy4ad ¢ce ab/oku Ha Poliquin [ 135], koiTo 1ioka3ea, Y€ pe3yATarsT 3a MHTETPHPAHE €
B CHJIa B KPAHOMEPHO MPOCTPAHCTBO 3a QYHKIUH f U g ¢ KBaIpaTHYHAa ONeHKa 0TIy (primal
lower nice functions). [To-kbcHo Thibault u Zagrodny [160] pasmmupsisar pesynrara Ha Poliquin
JI0 Klaca Ha M3MBKHAINO cyOmudepeniuanto nogoduure gynkmuu (convexly subdifferentially
similar functions), geduHupanu B 0aHaxoBO MpocTpaHCTBO. TO3M KIac BKITIOYBA (YHKITHHTE
€ KBaJ[paTU4HA OTCHKA OT/J0NY, JCPUHHUPAHH B XWIOCPTOBO MPOCTPAHCTRBO, KAKTO M Pa3IHKH-
T¢ Ha M3nbKHANMKM (QyHkiun. [vanov u Zlateva [93] pokasear pesynrara 3a HHTCIPYSMOCT 32
Klaca Ha Mmonyu3nbkaanuTe GyHknun (semi-convex functions). Hos mornen BepXy Tasu Tema
MOXe Jia ce Hamepu B padorara Ha Thibault u Zagrodny [161], kpjero ce uzcaeasa mo-001mo
BKIIOYBAHE HA CYOU(CPEHITHATUTE.

B maparpad 2.1 mokazsame uzpecTHus pesynrar Ha Moreau-Rockafellar karo mzmonzsame
ANPOKCHMHUPAI U PEryISPU3UpAIY, KakBaro ¢ Owia W hpBOHAa4aiHara ujaes Ha Moreau.
Pesynrarst € myomukysan B [172].

Karo uznomspamMe koandecTBeHA BepcHs Ha CyOuBepeHuanHara XxapakTepu3arist Ha Kiac
OT ITHIIIHIOBH 110 mocoka QyHkuu B naparpag 2.2 ycraHoBsBaMe MHTETPYeMOCTTa Ha CyO-
mudepeHnuanuTe Ha TakuBa GyHKIMA. PesynrarsT e myonukyean B [163].

B maparpad 2.3 uzydaBame CBOWCTBOTO WHTECTPYEMOCT Ha (YHKIHH HA JIBS HPOMCHIUBH,
JeuHupany BEPXY TPOU3BE/CHUE Ha OaHAXOBU TPOCTpaHCTBA. M3cieaBaHus B Ta3u MOCOKA

41
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ca npasenu ot Correa u Thibault [54] 1 Wu u Ye [168]. 3aja4ara B TAKbB KOHTEKCT ¢ HHTECPEC-
Ha OT TJIC/[HA TOYKA HA TOBA, Y CTPYKTypara Ha MPOU3BEACHHUE HA IIPOCTPAHCTBOTO MO3BOJIABA
Jla ce BBBEJAT Pa3MIHK KOHICIIIHH 38 HEMPEKHCHATOCT U PETYISPHOCT Ha QYHKIUA U Jja ce
M3CIIC/[BA KAK TC €A CBBP3aHU ¢ mHTErpyeMocTTa. CHeMHaaIHo BHUMAHUE ¢ OT/IC/ICHO HA JIUII-
MIHUITOBUTEC IIO IIOCOKA (byHKI_[I/II/I Ha ABC MpPOMCHIIMBU, 3a Ja 6’B,Z[aT TMIPOALIDKCHU PEIYIATATUTC
3a JIMOIMIOBH 110 TIOCOKA (DYHKIMHM HA ¢/HA npoMeHauea ot maparpad 2.2. Pesyararure ca
nyonmukyBanu B [162].

B maparpad 2.4 usyuapame BBPXy NPOU3BEICHHE HA OAHAXOBH NMPOCTPAHCTBA CBOMCTRATA
Ha KJIac OT CE/UIOBH/IHU (YHKITHH, HAPCUCHH YACTUUHO cIa00 WH(]-KOMITAKTHH BHPXY KbI0a
(partially ball weakly inf-compact saddle function). 3a Takapa dyHknus aokaszeame, 4e J0-
MEHWHBT Ha CyOnu(epeHnuaia i ¢ Henpa3eH, Ye ONeparop, CBbP3aH M0 ¢CTECTBCH HAYUH ChC
cyOoudepennmana i ¢ MaKCHMaTHO MOHOTOHEH H 4e CcyOupepeHnuansT Ha QyHKIUATA € HH-
TerpyeM. 3a (yHKIUS B IMHPOK MOJKIAC HA TO3M KIAC JOKA3BAME I'bCTOTA HA JIOMCHHA Ha
cyomudepennrana B jomeitna Ha GpyHkiuara. Pesynratute ca mybnmkysanu B [164].

2.1 MHurerpyemoct Ha cy0audepeHHaNa HA U3NbKHAJNA (PYHKIUA
ype3 HH(PMMATHA peryasipu3anus

Kakro obukHoBeHO, X ¢ ODaHAXOBO MPOCTPAHCTBO, a X* € HeroBoTo crperHaro. OyHKIus
f: X = RU {+co} e usnwrxuana, ako

S+ (A - LA +A-DfQ@), VYx,yeX, nuV¥ilel0,1],

WU, KOCTO ¢ CKBUBAJCHTHO, €pi f ¢ M3MBKHAIO MHOKECTRBO X X R,
Cybepaduenm ua u3npkaana GyHknus f B TOUYKA X ¢ eaeMeHT X* € X* Takbe, 4e

f(X) > f)+ & —x, x5, VX eX.

MHOXECTBOTO OT BCHUKH TaKWBa CyOrpajueHTH Ha f B X (KOSTO € BB3MOXKHO J1a OBb/Ie Pa3HO)
ce 03HaJaBa ¢

of(x) ={peX’; (p,y—x) < fO) — f(x), ¥y € X},

a MHOT03HAUHOTO M300paxenue 0f : X — 2% ce mapwua usnvkuan cyGougepenyuan (nmm
cyooughepenyuan ua Fenchel) na f, auitro gomeitn Dom df € dom f, ako f e coOcTreHa.

WssecTrusT pesynrar 3a uaterpyemoct Ha Moreau [128] u Rockafellar [144, 147] rmacwu,
4e BCsiKa COOCTBEHA, M3MBKHANA M TOIYHENPEKbCHATa 01100y (QyHKims B X € onpejencHa ¢
TOYHOCT JI0 3JHTHRHA KOHCTAHTA OT CBOs CyOaudepeHnual.

Toszu pesynrar nbpBo ¢ hopMyIupaH U Jokazan ot Moreau B [128] B ciryuast Ha XunOepToBO
npocrpancTBo H. JI0Ka3areacTBOTO M3MOJI3BA MHPUMAIHH PErysipu3andd U paboTH CHINO
Taka B peQUeKCHBHO OaHAXOBO HPOCTPAHCTBO, KakTo € orOemsizano or Moreau B [129, crp.
871

Npesra na Moreau ¢ O6una emMecto ¢ f 1 g j1a ¢e paboTu ¢ mo-peryiaspuute Texau Moreau-
Yosida perynspusanuu. Jlokazarencteoro Ha Rockafellar B 6anaxoro npocrpanctio (see [147])
€ ChBCEM PA3IMYHO W W3MO0JI3BA JIyaaHd apryMmenTd. Harmmara 1en e jja JoKaxeM pesyarara Ha
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Moreau-Rockafellar B 6anaxoBo mpoCTpaHCTBO KaTO H3MOJI3BAME PETYIBIPU3UPAIIM U allpOK-
CUMHUPpANTA TCXHUKHU, KAKBATO € 6I/IHa IbpBOHAYAIHATA UACA Ha Moreau.

Pasriexkjame cOOCTBCHH, M3ITBKHAIM W TOJAYHESIPSKBCHATH OTA0Ny QyHKimu f, g : X —
R U {+co} TakuBa, ue

2.1 0f(x) cdg(x), VYxeX

Ha Toea msicTo cM 3aciayxaea jga ce orOencku, 4e¢ (QopMaaHo 1m0-CiaboTo JONyCKAHE!
JajeHa ¢ coOCTBeHA MONyHENpeKbeHara otaoay dyakius f : X — R U {+oo} u cobOcrreHa,
W3N'BKHANA U TTOMyHENpeKbeHara oTaony gynknus g : X — RU{+oco} Takusa, ue (2.1) ¢ B cuna
3a Of, xkpjero d : X 3 X* e npousBoiicH npecyOouepeHITHANICH ONIEPaTop BCHIMHOCT BIICYC
m3nekHanocT Ha f. Ceraacuo Thibault u Zagrodny [160, 161], Correa, Jofre u Thibault [53]

Hedunumus 2.1.1. lpecybougepenyuanen onepamop ¢ oneparop d, KOWTO acomMuUpa ¢ BCAKA
¢bynxrmus f @ X — R U {+o0} U Besika Touka x € X MHOXECTBO (BB3MOKHO W mpazHo) Jf(x) B
X*, koero 1ie HapuyaMe cyOougepenyuan Ha f B X ¥ TaKOBa, 4

Ceroiicrro 1. 9f(x) = @ ako x ¢ dom g;

CeroiicTro 2. df(x) = dg(x) xoraro f W g CHBIIAJaT B OKOJIHOCT Ha X;

CeoiictBo 3. Jf(x) cpenajga che cyOauepeHIpaia B CMHUCHI HA HM3IIBKHAIMS AHAJIN3
KOTaTo f ¢ M3MBKHAIA;

CeoiicTBo 4. 3a monyHenpeKkhCHATA OTJONY OKONO X (DYHKITHS g W M3IIBKHAIA W HEmpe-
KbCHATa B OKOJHOCT Ha X (yukuus f ako x € dom(f + g) ¢ jgokancH MuHMMYM Ha f + g,
TO

0 € df(x) + limsup dg(y),

y—>gx

KBJIETO limsup 03Ha4aBa CeKBEHIMATHA cnaba’ TPaHWIA M Y —, X O3HA4aBa, 94€ Yy — X M

g — gx).

JlecHo ce pmxjIa, ye Beeku abcTpakreH cyOaudepeniuaicH oneparop ceriaacuo Jedunu-
must 1.1.1 ¢ npecybaudepennuanen oueparop coriacuo Jepununms 2.1.1. Ha npaktuka Bcud-
KW U3BECTHH M IIUPOKO M3MON3BaHU CyOau(epeHIHAIN B ITOIXOAAIH OaHAXOBH MPOCTPAHCTBA
ca cyonudepennmanu B cmuchi Ha Jedunumus 2.1.1 (eux Thibault u Zagrodny [160]) -
cyomudepenrmansT Ha Clarke-Rockafellar [44], cyomudepenrmanst Ha Michel-Pendt [120],
cyomupepenmmanst Ha Mordukhovich [121], cyOmudepenmuanst Ha Kruger-Mordukhovich
[106, 107], A-cyonudepennuanst Ha loffe [87, 88]), rpanuunust Fréchet cybuudepenmuan,
rpaHUYHUAT HpoKcuMajicH cyOmudepennuan (Bux Hanp. loffe [89], Kruger [106]), kakro u
Fréchet cyOmudepenuanst, NpOKCHMATHAAT CyOaupepeHIHAT U T.H.

Hobpe ussectro ¢, e ako g : X — RU{+00} ¢ coOcTBeHa, U3NBKHAIA M [TOJYHEIPEKbCHATA
OT/IONY (QYHKIHUS, TO H3MBKHAIUAT CyOudepeHuan dg e MOHOTOHEH onieparop. Brirousanero
(2.1) 3a nonynenpekbcHara oToay Gyakiuus f u Jf, Kpaero d € npou3soicH cydaudepeHu-
ax piede, ye df chIO € MOHOTOHEH omeparop. [a npunomanm, ye omeparop 1 : X =3 X* e
MOHOmMOHEH ako 3a mpousBomHu X* € T(x) u y* € T(y) caenpa, ue (x* —y*,x —y) > (. Ho mo-
HOTOHHOCTTA Ha cyOuudepennuan df piacue u3nmbkaanocT Ha Qyuknusta [ (eux Correa, Jofre
u Thibault [53, Theorem 2.4], kosito ododmara Correa, Jofre u Thibault [52, Theorem 3]).
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Taka, ye BesKa MOyHENIPEKbCHATA 00y hyHKIMs [ yiosiereopssaima (2.1) 3a npousposicH
cyonudepenruan 0 Tpsdsa ja Objae u3nbkHANA U Onarogapenue ua Croiicteo 3 B [dedhunu-
must 2.1.1 pxinroupaneTo (2.1) € B cuiia 3a HeWHMS U3NbKHAT CyOaudepennuan Jf.

Heprypoupamve uanbkuanara Gynkmus f (i) ¢ GyHKIME OT BUja h|lu—z|| BMEeCTo ¢ KBajpara
na nopmara. C apyru jaymu, usnonssame Hausdorff perymspuzanus smecto Moreau-Yosida
peryasipusanusi. Pasrnexaame QyHKIUT

u— f(u)+nlu—7|

M H3y4aRaMe BPB3KHTC MEKJY CCUCHHETO Ha &-CyOauepeHmuanmuTe Ha u3nbkHAIMTE (QyH-
kuuu f(-) u n|| - —z|| B TOUkMTE HA &-MHHUMYM Ha GyHKiusTa 4 — f(u) + nllu — 7| u &-
cyonudepenimana Ha anpokcuMupanara QyHKITHs.

[Ha npuniomunm, 4e 3a € > 0, e—cyboughepenyuanrym Ha coOCTBEHA, U3MTBKHATIA W TIOTYHE-
pexbeHara otaony Gyrkmus f 1 X — R U {+co} B x € dom f € MHOXKeCTBOTO

Oef()={peX 1 —e+(p,y—x) < fO) - f(x), VyeX}

Pasbupa ce, 3a £ = 0, dof(x) = df(x). Ho noxaro Jf(x) moxke na Objie MPa3HOTO MHOKECTBO,

TO 3a BCko X € dom f u £ > (), MHOXKECTBOTO J. f(X) ¢ Henpas3no. Hemmo moBeye, 3a BCCKH JBC

peanHu yucia €1 U & Takuea, 4e 0 < g1 < & uMame d, f(x) C dq, f(x) u 8f(x) = ﬂ 0. f(x).
&0

JloKa3aTeJICTBO HA pe3yJITaTa 32 HHTErPyeMOCT Ha U3TbKHAJIA (PyHKIHA

Heka f: X — R U {+o0} ¢ cobcTBeHa, M3IIBKHAIA U TOIYHEIPEKBCHATA OTAOIY (DYHKITHS.
3a n € N gedunupame nH(-KOHBOIOIUUTE {f;,} KaTO

Ju(X) = inf{f(¥) + nflx — y||}.
yeX

Anpoxcumuparara peauna {f,} nbpeoHasanno ¢ peBefaena ot Hausdorff [82] 3a mpomssonna
HOJyHEpeKbCHAaTa OT0Ty QyHKIHUA f ¢ peaneH apryMeHT. SIcHO e, 4e 3a JJOCTaThuyHO TOJIeMH
1 QYHKIUUTE f, Ca C KpallHU CTOWHOCTH W HHE BHHATH PA3MIICKIaMe TO3H CAyYai JOPH U TORA
Jia He JCKIapupaHo eKCILTHIUTHO. Hstkon 100pe u3BeCTHH CBOMCTBA Ha TE3H WH()-KOHBOIIOIHA
Ha f (Bwk manpumep Laurent [109], Hiriart-Urruty [84], Fitzpatrick u Phelps [76]) ca u3bpoenu
B cle/Baniara

Jlema 2.1.2. 3a cobcTBeHa, M3NMBKHANTA W TONYHETIPEKbCHATa OTaoay Qynkmus f : X — R U
{+00} M JOCTATHUHO TOIAMO N,

(1) f, e U3IbKHATIA W N-THITIATOBA;

(1) fu(x) < fur1(x) < f(x) 3a BCsiko X € X u Besiko 1 € N

(1) f,(x) — f(x) npu n — oo 3a BCsIKO X € X,

MHOKECTBOTO OT BCHYKH £-MHHUMyMH Ha (yHknusra f(-) + nl|x — || o3HauaBame ¢
M (f:x):={y € X: f) +nllx -yl < fu(x) + &}

ScHo e, 4e 3a € > () mHOKecTBara M2 (f; x) ca Hempa3Hu.
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Teii karo f, ca M3NBKHAIU HENPEKbCHATH (YHKIMH, TO Jf,(X) ¢ HeIPAa3HO MHOXESCTRBO 32
Besiko x € X. [okaszeame, ye ako p € cyOrpaJMeHT Ha f, B X U y € TPOW3BOIHA TOYKA HA
e-MuHUMYM 3a f(-)+h||x — ||, TO B JSHCTBUTEIHOCT P ¢ £-CyOrpajiueHT Ha f B y KaTO IpH TOBA
¢ U g-cyOrpagueHt Ha QyHkusTa il - || B X — y:

Jlema 2.1.3. 3a Bcsiko € > 0 u Besiko y € MA(f; X) € M3IBIHCHO, Ye

Ofu(x) C B f(¥) N Oenl| - [I(x = ).

Ja mamomMauM, 4¢ COOCTBEHUTES, H3IMBKHAIM U TIOIYHCIPSKBCHATH OTI0MY DYHKIHH f, g !
X — R U {+co} ca TakuBa, ue
0f(x) cdg(x), VYxeX

Trit kato domdf ¢ reeT B dom f, KOHTO € HEMPA3HO MHOXCCTBO TOpajH TOBa, 4¢ f ¢
cobcrrena, To criiectryrar x € domdf u p € df(x).

Hedunupame dyukimsata 7()6) =fx+%) -, x)- fX).

DyHKIHATA f X — RU {+co} e coBCTBEHA, M3IBKHATA 1 MOJyHENpEeKbcHATa OTI0dY,
F0)=0u df(x) = df(x + X) — p. Cnegosarenno 0 € 3 (0).

Mo amanmoruuen nauwH jgeuaupame g(x) = g(x + X) — (P, x) — g(X) u 3abensizrame, ue
g: X = RU {+o0} ¢ cobcTReHA, M3MIPKHAA U MOIYHEIPEKbCHATA oTHony (yrkius, g(0) = 0
a dg(x) = dg(x + x) — p. Hemo moreue, 0 € dg(0), Toit xaro p € df(x) C dg(X).

SIcHO € CBIIo Taka, 4e (9?()6) C dJg(x) 3a Besiko x € X.

Jema 2.1.5. Heka s > 0. Toraa3an > 1/s, éfn(x) C 0g,(x) 3a Besixo x € B(0, 5).

3a HeMpeKbCHATH W3MBKHATH (DYHKIHH — a TakuBa ca f, U g, — BKIIOYBAHETO HA CyOmude-
PEHITUATHTE JIECHO BOJHM JIO TOBA, Y€ TE CE pa3jinyaBar ¢ kpaitna xoncranta (Bwk Rockafellar
[147]). Or to3u hakr u Jlema 2.1.5 HEMOCPEACTBEHO MOIydaBaMe

Caencreue 2.1.6. Heka s > 0. 3a n > 1/s coimecTryBa KpaifHa KOHCTaHTA ¢, TaKama, 4c
(2.2) fn(x) =g,(x)+cy,, 3aBcako x € B(0,s).

Cera Beue ¢ JIECHO /1 JOBBPIIIM 000CHOBKATA. _
3a 0 € B(0,s) or Jlema 2.1.2 (iil) nmame, ue f,(0) — f(0) = 0 n g,(0) — g(0) = 0 npn
n — oo, ['pannyen npexox B (2.2) gasa f(0) = g(0) + lim ¢, u Torasa lim ¢, = 0.
n—00 n—00

Or Jlema 2.1.2 (iii) 3a Besiko x € B(0, 5), f(x) = lim fn(x) u g(x) = lim g,(x), cnenona-
n—oo n—oo

TEAHO TpaHuueH upexos B (2.2) nasa
f(0 =2 = lim (f,(0) ~,(x)) = lim ¢, =0

f(x) =3(x), VYxe BO,s).

Teii kaTo § Oele MPOU3BOIHO, TOBA O3HauYara, e f(x) = g(x) 3a Besiko X € X wiu

Jx+%) =P, %)~ f() = gx +X) — (P, x) — g,
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Jx+73) —gx+7%) = f(D) - g(),

oTKBACTO f(X) = g(x) + c3a Becsiko x € X ¢ ¢ = f(X) — g(X).
C TOBa I0KA3aTCIACTBOTO MPUKIIFOYRA.

Ha orbenexum, 4e TO3M 1MOAX0/] 33 JOKA3BAHE HA MHTETPYSMOCT HA IMOIYHCIIPSKBCHATA OT-
Jony m3nbkHaAna QyHkims ¢ aajaeH karo Exercise (Subdifferential determination: the approach
of Zlateva) na crp. 393 e xuurara ua J.-P. Pendt Analysis: from concepts to applications ot
2016

Perynsipusuparnara TeXHHUKA, W3M03BaHA B TO3H Haparpad MOXe jia Ce M3IOoI3Ba 3a yC-
TAHOBSIBAHCTO HA HMHTEIPYEMOCT HA (DYHKI[HH, KOUTO Ca KOMITO3HITHS HA MOJYHEHPEKbCHATA
OT/IONY U3NMbKHATA QDYHKIHS U TIaK0 U300pakeHue, JehHHUpaHd B OaHAXOBH MPOCTPAHCTRA,
HO TOBa ¢ 00CKT Ha OBJACIITH U3CIICIABAHMUS.

2.2 HurerpyemocTt Ha cyOaudepeHIHATN HA JUNIIUIOBH 10 MOCO-
Ka pyHKOuMn

B To3u maparpad JokazBaMe KONMYECTBCHA BEpCHsl Ha CyOamdepeHIMamna XapakTepH-
3aIiss Ha CBOMCTBOTO JIMIIIIAIOBOCT MO MOCOKA HA JajIcHA (YHKIMS M MMOKa3BaMe JOKaTHA
HHTETPYEMOCT Ha CyOjupepeHIMAIA HA CTPOTO JIHIIIIUIIOBH 110 MTOCOKA PEryIspHU (DYHKIHH,
HETPEKBCHATH BEPXY cBOs gomeiin (Teopema 2.2.6).

PaGorum B peanno Oanaxoro mpocrpanctso X ¢be crperHaro X* u ¢ o0 npecybouge-
peHyuanen onepamop 0 xKouTo acomuupa ¢ Besika Gyukmus g 1 X — R U {+co} u Beska TouKa
x € X nopmuoxkecTBO 0g(X) B X*, K0eTO C¢ Hapuya cybouepenyuadn Ha g 6 X U 3a KOCTO ¢a B
cuiia cBoiicteara, uzdpoenu B Jeduummus 2.1.1.

[Ja warmoMHuM, 4e momyHenpekbcHara oTaony ¢ymkmus g @ X — R U {+oo} ce mapuua
JURUUY 068G NO NOCOKA B Xy € dom g 1o oTHOIIeHUE Ha BekTop Ag € X (Brxk Rockafellar [150]),
aKo cruImecTByRar kouctantu K € R, £ > 0, 6 > 0 takura, uc

g(x +th) — g(0)] < K,

2.3
@3) Yi€l0,e], Yhe hg+6B°, Yx e xp+6B° ¢ |g(x) — g(xp) < &

SlcHo ¢, 4e g ¢ IMIIIMIOBA OKOJIO X) TOYHO KOTATO ¢ JMIIIKIOBA MO TOCOKA B Xg MO
orrormenue Ha fip = 0. ChINo Taka IECHO CC¢ BHIKAA, Y€ B CAydYas KOTaTo MOITYHCIPEKHCHATATA
GbyHKIMS g pasrTiekIana B ICHUHHIHATA TIO-TOPS € U3MBKHANA HIH HEMPEKHCHATA BHPXY CBOS
JomeitH (T.€. 3a BCsikO Xg € dom g u Besiko v > 0 ceinecteyea 7 > 0 takora, 4e |g(x)—g(xp)| <y
3a BCsKO X € dom g N (xg + 7B°)), To (2.3) ¢ SKBUBAJICHTHO HA CHINCCTBYBAHETO HA KOHCTAHTH
K eR, >0, >0 Takupa, ye

g(x + th) — g(x)] <K,

2.4
@4 Yr€l0,e], Yhe hg+6B°, uVx € (xg+06B°)Nndomg.

Monyuenpexkbcuara oTaoay Gyukius g : X — R U {+oo} ce napuua (Bux Jofre u Thibault
[97]) cmpozo aunuiuyosa no nocoxa B Xy € dom g 1o OTHOIICHHE HA /i € X aKO € JIHIIIIHIORA
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MO MOCOKA B Xp MO OTHOIICHHE Ay C HSAKakBH koHcTaHTH K, £, 6 yjnoenerBopssanm (2.3) u
OCBEH TOBa

2.5) £ © IOKAJIHO IHUIIIHMIOBA BBB BCIKO MHOKECTBO X+ 0, £](hg + 6B°),

KBJCTO X € Xg + 0B° u |g(x) — g(xp)| < .
AKO TOJIyHETIPEKBCHATATA OTA0AY (PYHKIMS g B HOCASAHATA JSHUHHUIES OCBEH TORA ¢ HEMpe-
KhCHATA BBPXY CBOS JIOMCIHH MM H3MBKHANA, TO (2.5) MOXE Jla ce 3aMCHH C:

£ © JOKAJHO JHIIIIHIIOBA BEPXY BCAKO MHOXECTBO X+]0, £](hg + 0B°),

KBJIETO X € (X + 0B°) Ndom g.

[Ja waroMHuM, 4e momyHenpexkbcHara oTaony ¢ymkmus g @ X — R U {+oo} ce mapuua
peaynapua (no Clarke) 8 xo € domg axo li}I}l _1)}11f t‘l[g(xo +th") — g(x0)] = g"(x0; h) 3a BesikO
t]0
h € X, xpaero d'¢(xg; 1) e obobmenara npouspoana Ha Clarke u ce mapmua pecynsapha axo e
peryisipHa BbB BCAKA TOUKA OT CBOS JIOMEHH.

2.2.1 CyOnudepeHIHaJHU CBOICTBA HA JMIIIHIIOBH MO MOCOKA (PYyHKIMH

B t03u noanaparpadh) nzydaBamMe Kak CBOWCTBOTO JIHIIITUIIOBOCT 110 TIOCOKA Ha ¢Ha (yHK-
IUsi € CBBP3AHO ChC CRBOMCTRATA HA HEeWHUS cyOaudepeniuan. PaboTa B Ta3u MocoKa OTHACSINA
ce jo cyomugepenruana Ha Clarke ¢ Tasu na Treiman [165], kodT0 ¢ OCHOBaHA HA TCXHHUKA HA
Bishop u Phelps u Ha pesyarara (puwx Treiman [165]), ge lér;; i_I)le K(S;y) cT(S;x) (tyk K(S;.)

u T(S;.) o3HauaBaT CHOTBETHO KOHTHHICHTHHS KOHYC Ha Bouligand w TanreHmuamnus koHyc
na Clarke na 3arBopeno muoxectso S C X). Hammre pesynrarn ca B TEPMHHUTE HA TIPO-
W3BOJICH CyO/m(epeHuan u TEXHUTE J0Ka3aTe/icTBa ca 0asupaHu Ha TeopeMmara 3a CpeTHHTE
crorinoctr Ha Zagrodny [170, 161]. Te chimo Taka MOrar jia ¢ pa3riiexk iar Karo KOIHISCTBCHA
Bepcus Ha pesyarara Ha Treiman [ 165, Theorem 6]. Ta3u konudecTBeHa BEPCHs € HEOOXOAMMA
3a jokaszBaHe Ha Jlema 2.2.4, KOATO € KITI0Y0BA 3a HAIUTE Pa3TIIekK/1aHus.

PaGortum ¢ npousrosicH npecyOnupepeHIHaieH oneparop J, TaKbB 4¢ ChOTBSTHUSAT CyO1u-
tbepennman ce chabpxa B cydauhepennuana ua Clarke, 1.e. 0g(x) C dcg(x) 3a Besika QyHKITUS
g:X > RU{+o0} u BCsiko x € X.

Teopema 2.2.3 (cydnudepenuuaina xapakrepusaius HA CBOHCTBOTO JIMIIIULOBOCT 10
nocoka). Heka g : X — R U {+co} e momynenpexbcHara oT0ay QyHKus, Heka X € dom g u
hy € X. Torapa g ¢ JMIIIAIIOBA 1O TTOCOKA B Xo MO OTHOIICHKE HA Ny ¢ koHcTanTH K, &, &
VAOBIETBOpsBAITM (2.3) TOoraBa M CaMoO TOTaBa, KOTaTo CHINECTBYBAT KOHCTaHTH £ > 0 u 6 > 0
TaKWBa, 4e

(2.6) X ho) + 81X < K, VX" € 0g(x), Yx € xo+6B° ¢ |g(x) — g(x0)| < &.

2.2.2 JlokaJHa HHTErpyeMoCT

B To3u moamaparpad m3momsBamMe pe3yiTaTHTE OT HPEAUINHHMSA, 33 1a YCTAHOBUM JIOKAl-
HaTa MHTEIPYEMOCT Ha MPOM3BOJICH CyOaudepeHnnan 3a eJuH KIac JIHIIIHIOBU II0 HOCOKA
byHKIHHA.
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[MeprO MoKa3BaMe Kak CBOWCTBOTO (2.4) ce TpexBHPIS OT ¢AHa (QYHKIUS HA Jpyra mpu
BKITIOYBAHE Ha CYOMUpEPCHITHAIUTE HM.

Jlema 2.2.4. Heka g : X — R U {+o0} e nodyHenpekbcHaTa OTA0INY QYHKITHS, KOATO YAOBICT-
BopsiBa cBoicTBoTO (2.4) B X9 € dom g no oTHOmeHue Ha hg € X ¢ koucranTu K, €, . Heka
f X = RU{+0c0} ¢ monynenpexbcHara otaoiny GyHkmus, Takaepa ue df(x) C dg(x) 3a BCsko
X € xp+ O0B°.

Torasa 3a BCEKHM OBE KOHCTAaHTH Og > O m gy > 0 Takusa, ue dy + go(||hgl] + dp) < 6 ¢
dom f N (xp + 69B°) # @ umame, 4de (2.4) ¢ B cuia 3a f ¢ koucrantu K, gy, 8o, T.C.

(e + th) — f(x0)] < K, Yt €10,80], Yh € ho + 60B°, u Vx € (xo + 6oB°) N dom f.

B wactroct x + [0, £9](/ig + 60B°) € dom f 3a Besxo x € dom f N (xg + 6oB°). Ocsen ToBa f ¢
JIMITIIATIOBRA IO TTOCOKA B X TI0 OTHOIICHHE Ha /iy Korato Xg € dom f.

Criepaniara jiemMa ChIbpKa Pe3ysiTar OT He3aBUCHM HHTEPEC U Kacae rpaduyHaTa recrora
Ha JoMeiHA Ha cyOnudepeHinana B 10MeHHA HA (YHKIUATA.

Jlema 2.2.5. Heka f : X — R U {+0c0} ¢ noayHenpexscHara oTaoiay QyHKus ¢ dom f£@.
Torara domdf ¢ f-rpadpuuno rect B dom f, T.¢. 3a BCsSko a € dom f ChINECTBYBa peauna
X, € domdf Takapa, ue x, — a u f(x,) — f(a).

Haxkpast mokazame clieHHSA pe3ynTaT 3a HHTETPYEMOCT:

Teopema 2.2.6 (32 HHTerpyeMoCT HAa PeryJsipHH JHNIIHIUOBH 10 NM0coKa (ynkmuu). Heka
g : X — RU {+o0} e nonmyHenpexkbcHATa OTJ0TY PeryisipHa QyHKIUS, KOSITO € HEMPeKbhCHATA
BBpPXY CBOA JIOMEHH U CTPOTO JMMINMIIOBA TTO0 TOCOKA B Xp € dom g.

Torasa ceimecTByBar kKoHCTaHTH @ > 0 1 S €]0, @[ TakuBa, 4e 3a BCsKa MOTYHETPEKBCHATA
ornony ¢yukius f © X — R U {+oo} Takara, ue dom f N (xo + SB°) # @ BKIKYBAHETO
0f(x) C 0g(x) 3a BCIKO X € Xg + aB° Bacue

f =g+ const BePXy Xg + BB°.

AKO ¢cTporara JMIIIIHIIOBOCT M0 TOCOKA 3a g B X 1O OTHOIICHHE HA /g ¢ B CHJIA 33 KOHCTAHTH
K, &, 6 ynornersopsiparm (2.4), BE3MOXKHO € Jla Ce B3eMar ¢ = 0 u 3 = min{ WL%), ‘9—25}

Ha orGenexuM, 4e npeInoaokeHHETO 3a HenpekbeHaroceT Ha g B V Ndom g (kpjaero V e
HSKAaKBa OKOJHOCT Ha Xp) € ChIlecTBeHo. JlocTarsdno ¢ ja pasriename QyHkiusaTa g oT R B
R, pedunupana xaro g(x) = 0, ako x > 0 u g(x) = 1, ako x < 0 u dynknusara f or R 8 R,
neduaupana karo f(x) = 0, ako x > 0 u f(x) = 2, ako x < 0. Umame, ue Jf(x) C dg(x) 3a
Besiko x € R, HO dynknuute f g He ca paBuu B Omuzoct 710 () ¢ TOYHOCT JI0 KOHCTAHTA.

o nomobeH HaYMH, JIECHO CE BHXK/A, Ye MPEATOIOKCHHETO 32 MOMYHETPEKBCHATOCT OT-
J0Ty Ha f CBINO € CHITICCTBCHO.
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2.3 HuTerpyemocTt Ha cyoaudepeHunan HA HAKON (PYHKIMH HA
JAB€ MPOMEHJINBH

Tyk ce mHTEpeCyBaAME OT HHTETPYSMOCT Ha (DYHKIIHM Ha JBS NMPOMCHIIMBH, jehuUHUpA-
HH BBEPXy 0aHAXOBO MPOCTPAHCTBO, KOETO € MPOHM3BEJCHUE HA JBC 0AHAXOBU TPOCTPAHCTBA.
3ajayaTa B TO3M KOHTCKCT € MHTEPECHA OT TJIC/[HA TOYKA Ha TOBA, Y€ CTPYKTypara Ha HmpocCT-
PAHCTBOTO HU MO3BOIABA JIa BHBEICM PA3IMYHU KOHIECIIITHH 32 HETPEKBCHATOCT M PErYISPHOCT
Ha QYHKIMA W J]a U3CIEBAME KaK TC Ca CBBP3aHU C MHTETPYSMOCTTA.

B noxnaparpad 2.3.1 ppBekaaMe u 00CHKIaME JIBC KOHICHITHH 32 PErYIAPHOCT Ha (yHK-
U HA JIBS TPOMCHJIMBH.

Hurerpyemoctta Ha cyomudepeHuan Ha JOKATHO JTUIITHIOBA (YHKIHA HA JBE TPO-
MCHITHBH, 33 KOUTO € M3IIBIHCHO HAKAKBO YCIOBHE 32 PETYISIPHOCT € J0Ka3aHa B Tojmapar-
pad 2.3.2.

B cnenparus mopnaparpad 2.3.3 BeBEKIAME H H3y4YaBAME JIBC MOHSTHSA 32 JIHIIITHIOBOCT
o TOCOKa Ha (YHKIUS HA JIBS POMCHIIHBH.

H3znomseame Te3n mousTus B noanaparpad 2.3.4, 3a ja Moay4YdM JIOKadHA HHTETPYEMOCT
HA HAKOHW JIUIIIITUIIOBK 110 TOCOKA (PYHKIUH HA JIBS POMCHIIHBH.

B rto3u maparpad (X,|| - |) u (¥,|| - ||) ca peanau OaHAXOBH HPOCTPAHCTBA C OMBOPEHU
eounuyny kvaba By w By m cnpernaru npocrpancrea X© u Y* cborseTnO. [IpocTpancTsoro
Z = X x Y pasraexaame ¢ HopMmara ||(x, )| = max{||x||, |[y|]} u To ¢ OaHAXOBO MPOCTPAHCTRO.
Herosoro omsopeno edunuuno kvabo osnadapame ¢ B° := By X By. 3a dynkius ¢ : X —
R U {—c0, +00} o3nauapame JomeitHa U ¢ dom g (= {x € X : |p(X)| < +oo}.

Ha npunomuum, ye cybougepenyuarvm na Clarke dcep(x) Ha ¢ : X — R U {—oco, +o0} B
x € dom ¢ (emwxk Rockafellar [150] u Clarke [44]), e MHOXKECTBOTO OT BCHUKH X* € X*, Takupa
4e 3a BCAKO 1 € X

&, hy < d'p(x; ),

xpaet0 dl@(x; h) osradawa 0b600wenama npoussoona Ha Clarke no nocoka Ha ¢ 6 x € dom g
no nocoxama h € X nedunupana xkaro

d"o(x; ) := sup limsup ( inf e + ) — a]),
7>0 <x/.a>¢f(<)x.¢<x>> W eh+nBy
t

kpaeTo (X', @) |y (x,¢(x)) osHadasa, ue (x',@) € epi¢ = {(x',a) € X X R : ¢(x') < a} u
(x', @) = (x,¢(x)). 3a x ¢ dom g, dcp(x) = @.

Ja manomuuM ChIO Taka, 4¢ 3a QyHKIUS ¢ : X — R U {—oo,+o0} ¢ x € dome, Dini
npouzeo0Hama omooiy 1o nocokara i € X ce JeuHUpa Karo

d"(x;h) := lim inf Ne(x + th) — e(x)].
110
Awnanoruano ce aedunupar d o(x; h) = —d~(—)(x; h) u dr(x; h) = —d' (—)(x; h).
Ha nanomuaum, de Gyukims ¢ : X — R U {—co, +oo} ce Hapuua pezyiapua omeope (PeciL
omdony) B X 10 10coKara i koraro

d p(x;h) = d'@(x;h)  (pecr. d g(x;h) = dYe(x; b)),
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W Ce HapHuya pe2yiapHa omeope (PECt. omooay) B X, KOTATo ¢ Takapa 10 BCSIKA TOCOKA.
Koraro ¢ e mokajaHo JHIIIHI0BA OKOTO X, PETYIAPHOCTTA OTTOPE MO MOCOKA /I CHOTBETCTBA
Ha CBINECTRYBaHETO HA dp(x; h) = hf(? t_l[go(x + th) — ¢(x)] u uHa paeencteoTo dp(x;h) =
t

d"¢(x; h). Ao H3OI3BAME O3HAYCHHETO

d°p(x;h) ;= limsup ¢ [e(x + th) - al,
@) Lipxep()
B —h, 110

TO KOTaT0 ¢ € JIUIINIHIIOBA OKOJIO X UMaMC

d"e(x; 1) = d°(x; ) = limsup £ [p(xX" + th) — (X))

110

[o TpuBHalicH HAYWH BCUYKH JCOUHHIUM TO-TOPE CE NPOABIDKABAT W 3a (QYHKIHS Ha
Jaee npoMeryBr g - X X Y — R U {—oo, +o0}, koraro s pasriexiaMe Karo (yHKIUs Ha
¢/lHa MPOMCHITHBA, JeQuHUpaHa B 0aHaxoBOTO mpocTpancTBo Z = X X Y. 3a ja onmpocTum
O3HAYCHUATA, 32 (X,y) € dom g momarame

d g(x,y; h,k):=d g((x,y); (h, k)),

dy g(x,y; hy:=d"g(, y)(x; h) m dy g(x,y; k):=d" g(x, )(v; k),

KbJeTO g(-,y) o3Hauasa Gynknuara x° — g(x’,y), a g(x, ) o3nayapa Qpyukiusra y' — g(x,y").
Ilo moso6en Haumn ce aehuuupar d' g(x,v; h, k), dIg(x,y; h), dgg(x,y; k) v T.H.

PaGorum ¢ npecybougepenyuanen onepamop 0, KOWTO aconuupa ¢ Beska QyHKIuS g .
Z — R U {-co,+0o} 1 Besika Touka Z = (X,y) € Z MHOXECTBO 0g(7) B Z¥, KOCTO C¢ Hapu4a
00w cyboughepenyuan Ha g B 7 M 3a KOCTO 4eTUpUTE CBOMCTRA OT dedununus 2.1.1 ca usnbi-
HEHH, T.¢. o0uusT cyoudepennuan ¢ cyoudepeHiuan na g, pa3riek/jana karo HyHKIUs Ha
ejHa ,,00ma” npomerimBa z € Z. Ilpeamonarame, 4e oOmmsT cyoaupepeHnuan ce BKII0YBA B
cyonudepenrmana na Clarke, T.e. dg(x,y) C dcg(x,y) 3a BCsika (YHKITUS HA J(BS MPOMCHIUBU
g: XxXY — RU{-co,+oo} u Besiko (x,y) € X X Y. Oceen o0mus cyomudepeniuan pasr-
ASKIAME U yacmuume cybougepenyudiy Ha Qyskius g, a uMeHHo J18(xX,y) = 018(,y)(x) u
028(x,y) 1= 028(x,)), kpaCTO 190 (pECIL. J2¢p) € CyOmudepenIan no cMucHiIa Ha Ha Jle-
¢buaunus 2.1.1 3a pyaknun ¢ gepunupanu B X (peci. B Y). 3a cydoaudepennuanure 01 u 0
CBINO TpEAToIaramMme, 4¢ ¢e BrouBar B cyoudepennuana ua Clarke,

2.3.1 KoHuenuuu 3a peryJissipHOCT

3a QyHKIUS HA JBE TPOMEHIMBHU g, JeQuHupana B OaHaxoBO mpocTpanctBo Z = X X Y
pasmiexaMe JIBe KOHICTITHA 33 PEryIApHOCT.

Hepunnmusa 2.3.1. (Correa u Thibault [54]) Oyuxmusata g : X X Y — R U {—co, +o0} ce
HApU4a omeope-omeope pe2yiapHa (pecu. omeope-omoony pe2yiapra) B (x,y) € domg mo
mocokara (h,k) € X X Y axo

(i) dg(x,y;h,0) = d'g(x,y;h,0) n

(ii) d~g(x,y;0,k) = d'g(x,y;0,k) (pecm. d*g(x,y;0,k) = dtg(x,y;0,k)).

OyuKIMATa g CC HApUYA Omeope-omeope pezyiapHa (pecil. omeope-omooay pecyiiapHd) B
(x,v) € dom g, ako ¢ Takapa 1o Bcsika mocoka (h,k) € X X Y.
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HupextHo crneacteue ot AeQUHUIEUITA €, YS KIACHT HA OTrOPS-0TIope peryispaure QyH-
KIIUM Ha JIBE TIPOMEHIIMBH CHIBPKA BCHUKH PETYISPHH OTTOpE (PYHKIMH (Pa3rIeKIaHl KaTo
(hyHKIMH Ha e1HA 00Ia IpoMeHuEa (X, V)).

Hedunumus 2.3.2. Oyuknusara g : X X ¥ — R U {—co, +c0} ce nHapuua omoerHo omeope-
omeope pezyiapua (pecil. OmoenHo omaope-omaooay pezyiapud ) B (x,y) € dom g 1o noCOKUTe
heXwukeY ako

(1) g(,y) € perynspHa orrope B x mo nocokara h € X (r.e. d; g(x,y; h) = dIg(x,y; h) u

(ii) g(x,-) e peryispHa oTrope B y 1o mocokara k € Y (re. d, g(x,y; k) = dgg(x, v, k) (pecm.
g(x,+) e peryispHa oT/10J1y B Y 10 ocokara k € Y (t.e. d; g(x,y; k) = d%g(x,y; k).
OyHKIHATA ¢ CC HApHUA CC HApHYA OMOETHO Om2ope-omeope pe2yasapha (pect. omoeino
omezope-omaoony pezyiapra ) B (x,y) € dom g ako ¢ Takara 10 BCHYKU NOCOKH h€ X u k€Y.

3a Ja OmpOCTHM U3JIOXKEHHETO, TIO-HATATHK Pas3TIekKaaMe caMo CIiydas Ha OTTOpe-OTrope
PETYISPHOCT € YrOBOPKaTa, Ue PasriicKJaHusATa B CIIydast Ha OTTOPE-OTI0NY PETYISAPHOCT Ce
IpaBAT 110 aHAJTOTHYCH HAYUH.

He e Tpynno ma ce 3abenexu, 4e KOorarto (pyHKIMATA g € JOKAITHO JHIIIUIOBA W OTTOpe-
OTTOpe PETYISAPHA, TO TS € M OTJCITHO OTrOpe-0Trope peryispHa.

Bcesika HenpexbcHaTa W M3MBKHATA TIO BCAKA OT mpoMermupute QyHkmus g @ X X ¥ —
R e orrope-orrope peryasipua (pux Correa u Thibault [54, Proposition 2.2]) u 0T TopHOTO
Ha6HIO,Z[eHI/Ie Clc/iBa, UYC HCIPCKHLCHATUTC U U3SNTLKHAIU 110 BCAKA OT MPOMCHIIMBUTC (byHKI_[I/II/I
CBINO TaKa ca OTJEITHO OTIOPE-0TIOPE PEryspHH.

JlokanHo TUOIIMIIOBA PYHKIHS MOXKE Jia OBbJE OTACTHO OTTOPE-OTIOpPE PeryisipHa B HIKOA
Touka 0e3 ja ObJe 0Trope-0Trope Pery/IspHa, KakTo HOKa3Ba CJICABAIIMST

Mpumep 2.3.3. Jlokamno mummunosara Gyakmus g : R X R — R, negunupana xaro

g(x,y) := min{|x], [y}

¢ oT/IenHo oTrope-oTrope perymipua B (0,0) mo Bcuuku MOCOKH A M k, HO HE € OTTOpe-0Trope
peryasipua & (0, 0), Teit kato He € oTtrope-orrope peryaspua s (0, 0) nmo nmocokara (i, k) = (1, 1).

W3BBH 70KaTHO JAHIIMIOBHS CIydail, OTTOpe-OTTOpE PETYIAPHOCTTa MOXKE Ja HE BIeUe
OT/IETTHA OTTOPe-0TTOPe PETryIPHOCT KAaKTO MOKa3Ba

Mpumep 2.3.4. Oynxmusita g : R X R — R, gedunupana karo

2 i 1
X sm;,

g(x,y) = 5 y
—X-, B IMPOTUBCH ClIyuau

ako y=0, x>0,

¢ HEMPEKbCHATA U 0Trope-oTrope peryasapua B (0, 0), HO HE € OTACTHO OTTOPE-0TTOPE PETYISIp-
uHa B (0,0), T Karo HE ¢ oTACHHO oTrope-orrope perymsipra B (0,0) no mocokure 1 = 1 u
k=1
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2.3.2 HHTerpyemMocT Ha cy0au(epeHIINATH HA HAKOM JIOKAJIHO JUNIIIAIOBH (PyH-
KIIMH HA /IBe NMPOMEHINBH

Tyk ycranoBsiBaMe WHTETPYEMOCTTa Ha CyOaupepeHIMAIN HA TIOKATHO THIIUIIOBH (QyH-
KUY Ha JIBe TPOMEHIHBH g : X X ¥ — R, KOUTO yIOBICTBOPABAT HIKOA OT JSHUHUIUUTE 32
PETYISPHOCT, JaJICHU B IPEXOHUs momaparpad.

[IepBO J0Ka3BaMe WHTETPYEMOCT HA YaCTHHUTE CyOAM(EpeHIMANd Ha OTACITHO OTTOpe-
OTTOpe PeTyIsApHa JOKAIHO THIHIOBA (QYHKIHS HA JBE TIPOMCHIIUBH.

Teopema 2.3.5. Heka g : X X Y — R ¢ j0KajaHO NUNIMUIOBA (DYHKIUS, KOATO € OTICIHO
oTrope-oTrope perymipaa u Heka C C X X Y € OTBOPEHO M3ITBKHAIO0 MHOXECTBO.

Torara 3a Beska Qyukmus [ : X X Y — R U {+00}, KOATO ¢ MONYHEIPEKBCHATA OTIONIY 110
BCAKA OT MPOMCHIIMBHTE U Takara, ye dom f N C # @ yCAoBUATA 332 YaCTHHUTE CYOMH(epeHITH-
amm

PS) 01f(x,y) € 018(x,y) m 02 f(x,y) C 02g(x,y), VY(x,y)€C

BJICKAT
f(x,y) = g(x,y) + const, VY(x,y)€C.

Teopema 2.3.5 pasmmpsipa 10 NPOU3BEICHUC HA MPOU3BOIHU OAHAXOBH MPOCTPAHCTBA pe-
synrar Ha Wu u Ye (puwk [168, Corollary 3.16], kpaeTo ca HaAIOKCHH HIKOH OTPAHUYCHHUSA
BBpPXY OaHAXOBUTE MPOCTPAHCTBA).

Nscneapaiiku naTerpyeMocTTa Ha 001Hs cyopudepeHnma Ha JOKaTHO JTHITITUIIOBA OTTOPES-
OTrope peryisipHa (QyHKIUS HA JIBC NMPOMCHIIMBH, MOXKEM Ja jJokaxem kakro B Correa u
Thibault [54] cnexnus pesynrar:

Teopema 2.3.6 (Correa u Thibault [54, Proposition 3.7]). Heka g : X X ¥ — R ¢ sokan-
HO JMIIIHIOBA (QYHKIHS, KOATO € OTTope-oTrope peryisipHa u Heka C € X X ¥ e oTBopeHo
HU3IIBPKHAIO MHOXKCCTBO.

Torapa 3a Bcsika monyHenpekbeHaTa oraony Gymkmust f @ X X ¥ — R U {+oo} Takasa, ue
dom f N C#@ ycaoruero Bepxy o0mmre cyoaubepeHIuaia

Js) af(x,y) c dg(x,y), VY(x,»)eC

BJICUC
f(x,y) = g(x,y) + const, V(x,y)€C.

JlecHo ce Buxkpa, ue ako B Teopema 2.3.6 yenoruero (JS) Bepxy oOmmte cyoaudepennma-
v 3amMeHuM ¢ yeaopusta (PS) 3a wactaute cyOoudepeHmany, 3aKII09CHHETO OCTaBa B CHIIA.
Tora ¢ Taka, 3a1I0TO OTTOPE-OTrOPE PEry/sipHA JIOKAITHO JTHNIHIOBA QYHKIHA g CHINO TaKa
¢ OTACITHO OTTOPC-OTTOPE PETyIApHA W MOXKeM jaa mimomssame Teopema 2.3.5. Caemosarenano
3a JIOKAJIHO JIMIIIIHAIIOBA OTTOPE-0Trope peryssipHa (QyHKIHs Ha JIBE MPOMCHINBH PE3y/ITarhT
3a MHTErPyEeMOCT € B CHJIa KAKTO KOTAaTo Ca HAJMKCHH YCIOBHS 3a BKIIOYBAHE BBPXY YacCT-
HUTE cyOmudepeHany, Taka ¥ KOraTo ¢ HAJIOKECHO YCIIOBHE 3a BKIIOUBAHE BHPXY OOITHTE
cyonudepeHImanu.

Ha orbenexum, ue Teopema 2.3.5 u Teopema 2.3.6 ca B cuiia 3a M3IIBKHAIHN 110 BCIKA OT
TMIPOMCHIIUBUTC U HCIIPCKHLCHATH (byHKI_[I/II/I
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2.3.3 KoHnenmuuu 3a JUNIIHIOBOCT MO MOCOKA

B to3u noamaparpady pasriaexkaaMe JBE MOHSTHS 33 JIUIIIMIIOBOCT M0 TOCOKA HA (PYHKITUSL
Ha IBC HpOMeHHI/IBI/I.

[IepBo maBame Kiacwyeckara ASPUHHUINSA KAaTO TpeTUpaMe (QyHKIHATA KaTo (HYHKIUS Ha
¢jiHa 0011a MPOMEHIINBA, & HMCHHO!

Hepunumus 2.3.7 (Rockafellar [150]). [omyuenpexwscuara oraony gyukmus g : X X ¥ —
R U {+c0} ce mapwua aunwuyosa no nocoka B (Xp,yo) € domg 1Mo OTHOINICHHE HA BEKTOP
(ho, ko) € X X Y ako ceinecreypar koucrantu K € R, £ > 0, § > 0 Takupa, ue

It [e(x + th,y + tk) — g(x,y)] < K,
(2.7) for all 1 €10, €], (h, k) € (ho, ko) + 6B°,
u (x,y) € (x0,y0) + 0B° ¢ |g(x,y) — g(x0,y0)| < &.

He e tpynno na ce Uy, Y g € JUIIIUIIOBA OKOJIO (X0, o) TOYHO KOTATO € JIMIIIHIIOBA 110
mocoka B (Xg, yo) no oraorienue ua (hy, ko) = (0,0). Chimo Taka J1eCHO CE BUXKJIA, Y€ B CAyYas,
KOraro HOJAyHENPEKhCHATATa (QYHKIUS g, Pa3IieK1aHa B TopHara JeHUHHITES ¢ H3II'FKHAIA HITH
HETIPEKBCHATA BBPXY CBOSI JJOMEHH (T.e. 3a BCIAKO (Xg,Yo) € dom g u Bcsako 17 > () chINecTBYBa
v > 0 rakora, ue |(g(x,y) — g(x0, o) < 17 3a BCuukm (X,y) € ((xo, yo) +vyB°) Ndom g), To (2.7)
¢ CKBHBAICHTHO HA CHINICCTBYBAHCTO HA KOHCTAHTH K € R, £ > 0, ¢ > () Takupa, uc

Ne(x +th,y+th) — g(x,y)] <K,
(2.8) 3a Benwuku ¢ €10, €], (h, k) € (hy, ko) + 6B°,
u (x,¥) € ((x0,y0) + 6B°) Ndom g.

Honyuenpexknscuara otTaony GyHkims g : X XY — RU{+00} ce Hapuua cmpoz2o aunuuyosa
no nocoka B (Xg,¥o) € dom g 1o oruomenue Ha (Mg, ko) € X X Y ako ¢ AMMIIKIOBA 0 TOCOKA
B (X0, yo) 1o oruomenue Ha (fp, ko) ¢ koucrantu K, &, 6 ynoenereopsipantu (2.7) ¥ OCBEH TOBa
(emx Jofre u Thibault [97])

£ © JOKaJIHO JMIIIHIIOBA BhPXy BCsika Kanka (X, v)+]0, €]((ho, ko) + 6 B°),

29
@9 ero (ny) € (0,v0) + 9B ¢ lg(x,y) — 8030, 0)] < &.

Axo TONyHENpeKhCHATaTa OTA0Ny (QYHKIMA g B TOCHEAHATa NeQUWHHIUSA CHINO Taka ¢
HETPEKBCHATA BEPXY CBOS JIOMEHH WITH M3ITBbKHANA, TO (2.9) MOXKe Jia ce 3aMEHH C

£ © JOKaJIHO JHMIIIHIIOBA BhPXY BCsika Kanka (X, v)+]0, £]((ho, ko) + 6 B°),
KbjeTo (X,y) € ((xg,y0) + 6B°) N dom g.

Beeexame u ipyra KOHIEHITHS 33 JTHIIIAIIOBOCT 110 TOCOKA HA (YHKITUS HA JIBE IPOMCH-
JTUBH, KOATO HM3I10/I3Ba CTPYKTypara Ha IPOCTPAHCTBOTO KaTro MPOU3BEICHHE.

Hedunumus 2.3.8. TNoayHenpekbcHara Mo BCSIKA OT HPOMEHIHBUTE (QyHKIHS g : X X ¥ —
R U {+o0} mie HApu4aMe omoenHo Iunuuyoea no nocoka B (xp,yo) € dom g 1o OTHOIICHHUE HA
BekTopH fg € X u kg € Y, ako cwimecTryBar koucrautd K € R, &> (0, § > 0 takupa, ye

g(x +th,y) — gx, V] < K, u g,y + th) — g(x, )] < K,
(2.10) 3a seuuku ¢ €]0, g], (I, k) € (ho, ko) + 6B°, n
(x,y) € (x0,¥0) + 6B° ¢ [g(x,y) — g(x0,¥0)| < &.
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Ha orbenexum, ue Jedununus 2.3.8 Moxe ecHO Ja ObJie ajanTHpana 3a PyHKIHs, KOATO
€ MOJYHCIPCKBCHATA OTTOPC IO HAKOA OT NPOMCHIUBUTC KATO MPCAIIOI0KUM, Y€ CHLOTBCTHOTO
HepaBeHCTBO B (2.10) e M3mbIHEHO 32 —g BMECTO 32 g.

Axo TMOTYHCIIPCKBCHATATA IO BCAKA OT MPOMCHIIMBUTC (byHKI_[I/IH &£, pastiicikKjiana B ropHara
,Z[e(bI/IHI/II_[I/ISI € CBIIO TaKa HCHIPCKLCHATA BLPXY ,Z[OMCfIHa CH, TO OTACIHATA JTHIIINIHITOBOCT IIO
nocoka (2.10) e ekBuBaJICHTHA HA CHINECTRYBaHETO HA KoHCTaHTH K € R, £ > 0, ¢ > () Takuea,
qe

g(x +th,y) — g, W] < K, u 7' [g(x,y + th) — g(x, )] <K,
(2.11) 3a seuuku ¢ €]0, €], (I, k) € (ho, kg)+6B°, n
(x,¥) € ((x0,y0)+6B%) N dom g.

3a ja cpaBHUM jBeTe ACQUHMITNH, J1a 3a0CICKUM, U 33 MOAYHEIPEKHCHATA OTHOINY (yHK-
must g © X X Y — R U {+00} CBOHCTBOTO JMIIIIHAIIOBOCT IO TTOCOKA B (X, Vo) IO OTHOIIICHHE HA
(ho, ko), T.e. croiicTROTO (2.7), € CKBHBAJICHTHO HA

d°g(x,y;h, k) < K,
Y(h, k) € (ho, ko) + 0B°, Y(x,¥) € (x0,y0) + 6B° ¢ |g(x,y) — g(x0, o)l < &,

JIOKaTo CBOWCTBOTO OTJEIHA JIMIIHUIIOBOCT 1O MOCOKa B (Xg,Yo) TIO OTHOIICHUE fig U kg, T.C.
cBoiicTBOTO (2.10), € CKRUBAICHTHO HA

18, y;h) < K, u dyg(x,y;k) <K,
Y(h, k) € (ho, ko) + 6B°, Y(x,y) € (x0,¥0) +0B° ¢ |g(x,y) — g(x0,y0)| < &.

Caenpammust npumep (ot Rockafellar [148], Ho pasrnekgan Tam B JIpyr KOHTEKCT) € 3a
HMOJYHENPEKbCHATA OTA0AY QyHKIHS B R X R, KOSTO € JIMIIIKIOBA 110 MOCOKA B HAYAIOTO 110
otHorenue Ha (o, ko), HO HE € OTACTHO JIMMITHIIOBA 1O TIOCOKA O OTHOIICHUE Ha fg | kp.

Hpumep 2.3.9. [NoayuenpexkscHarara OTA0AYy QYHKITHS

ﬁ—y, ako y > 0,

y
Sy = 0, akox=y=0,
+c0, B POTUBEH ciIydait

¢ mummnosa 1mo nocoka B (0, 0) mo ornomenue ua (g, ko) = (1, 1), HO He € OTACTHO JIMITIIUIO-
Ba TI0 TTOCOKa 10 OTHOIEeHKE Ha fig = 1 u kg = 1, Thit kaTo e Ge3kpaiina BHPXY MOTOKUTCITHUS
X-ITbY.

CBoicTBOTO OT/IETHA JHUTIHIOBOCT IO TTOCOKA € MO-CHITHO OT CBOHCTBOTO JIMIIITHIIOBOCT
MO MOCOKA, THH KaTro TO BICYE 3a NONYHEHPEKbCHATA OTAONY (QyHKIMA. Pe3ynTarsT e Jokazan
3a MOMYHENPEeKbhCHATa OTI0MY (QYHKIHUS, KOATO € HENPEKbhCHATA BHPXY JOMEHHA CH, 3aIOTO
TOBA € CITyYasT, KOWTO HH € HEOOXOMUM TI0-KBCHO.

Jlema 2.3.10. Heka g : X X Y — R U {+o0} ¢ monyHenpexbcHara oTaoay (QyHKIMs, KOATO ©
HEHPEKBCHATA BHPXY JIOMEHHA CH. Jla HPEIIIOIoKUM, Y¢ g € OTACIHO JHIIIMIIOBA 110 MOCOKa
B (Xp, Vo) € dom g no oruomenue Ha fig € X u kg € ¥ ¢ koucrantu K, £, yjioBICTBOPSBAIIN
(2.11) u ga puxcupame m > max{||hol, ||koll}.
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Torapa g € JIUIIIMIIOBA IO OCOKA B (X, Vo) 10 oTHOIMEHUE Ha (g, ko) ¢ xoncranth 2K, &, 0
yaoBIeTBOpABAIH (2.8) 33 MPOM3BOIHH IIONOKHTEIHN & H O TAKHBA, 9€ 0 + &(m + ) < 6 u
£<e.

HOKa3BaM€ M 4 BKJIKOYBAHCTO HA YaCTHHUTC cy6z[1/1(pepeHuHanH HpeXB’pr’IH OTACIHATA JIUII-
MMHUIOBOCT 110 TOCOKA. J[0Ka3are/icTBOTO HA TO3H PE3YATAT CIIS/IBA OCHOBHHTE CTBIKH HA J10-
KkasareacTBoTo Ha Jlema 2.2 4.

Jlema 2.3.11. Heka g : XXY — RU{+0c0} e mommyHenmpexpCcHATa OTAO0MY 10 BCSKA OT IPOMEHITH-
BHTE (PYHKIIHS, KOATO € HENPEKHhCHATA BHPXY JOMEiHA cH. Jla MpemoIoKuM, 4e g € OT/CITHO
JUMIIHAIOBA 0 MOCOKA B (Xg,yp) € dom g mo orHomenue Ha fig € X u ky € Y ¢ KOHCTaHTH
K, g, 6 ynoenereopsparm (2.11) u ja duxcupame m > max{||hgll, [koll}.

Hexa f : X XY — R U {+00} ¢ monyHenpekhCHATA TI0 BCAKA OT TIPOMCHIUBHTE (DYHKITHSL,
TakaBa 4ye

PS) 01f(x,y) C 018(x,y) u d2f(x,¥) C d28(x,y), V(x,¥) € (x0,Y0) + 6B°.

Torara 3a TIONOKHTETHH KOHCTAHTH 0 M € TakMBa, 9e 6 + &(m + 6) <  u € < & ¢ dom f N
((x0,¥0) + 0B°) # @ umame

Y +ihy) - fen] <K, n 1 fGny + k) - f(x,9)] <K,
3a Benuxu ¢ €]0, 2], (h, k) € (o, ko)+0B°, u (x,y) € (X0, Vo)+6B°) N dom f,

T.. f ¢ OTACIHO IHIIIHIIOBA IO TOCOKA B (Xg, Yo) IO OTHOIICHUE Ha MOCOKUTE fig € X mkp € Y.
KomOunwmpaiiku Jlema 2.3.10 u Jlema 2.3.11 monyuyaBame

Tebpaenue 2.3.12, Heka g : X X Y — R U {+c0} ¢ momyHenpeKbCcHATA OTAOAY O BCAKA
OT MPOMCHIUBHTS (YHKITHS, KOSTO ¢ HCNPEKhCHATA BBPXY JAoMeilHa cu. [a jonycHem, ue g
¢ OTACIHO JHIIIIMIOBA 1O TOCOKa B (Xp,yo) € domg mo orHomenue Ha g € X u kg € ¥
¢ xoucrautu K, g, 0 ynosnereopsisamm (2.11) u ga duxcupame m > max{||hl), |lkol]}. Heka
f:X XY — RU {+co} e monyHenmpekhCHATA TI0 BCSKA OT TPOMECHIMBUTE (DYHKIUSA, TAKaBa 4e

PS) 01f(x,y) C 018(x,y) u d2f(x,¥) C d28(x,y),  V(x,¥) € (x0,Y0) + 6B°.

ToraBa 3a IOJIOKHTCIIHH KOHCTAHTH Oy U £y TakuBa, 4¢ Og + &y(m + dp) < 6/2 u gy <
min {a, %} ¢ dom f N ((xo, o) + 69B°) # @ umame

V(e +th,y + th) — f(x,9)] < 2K,
3a cuuku ¢ €]0, gol, (h, k)e(hy, ko)+00oB°, n
(x,¥)e((x0,y0)+00B°) Ndom f,

T.c. [ € IUIIIMIOBA IO MOCOKA B (X, Yg) 1O OTHOIICHHE Ha mocokara (Mg, kp).
B YaCTHOCT x,y) + [0,e]((hy, ko) + 06pB°) - dom f, KOTaTo
(x,y) € dom f N ((x0,¥0) + 60 B°).
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2.3.4 JloxkajHa HHTErpyeMoCT Ha cy0nu(epeHIHAIM HA HAKOU JIMIMIIHIOBH IO
NMOCOKa (PDYHKIMH HA IBe NPOMEHIMBH

[Iepeo goKka3zeame pe3yarar 3a JIOKATHA MHTEIPYEMOCT Ha o0mms cyOnudepeniuan Ha
(GyHKIUS HA JIBE TIPOMCHIIMBH, 33 KOATO Ca B CHJIa 00INA PErysipHOCT U 00IMA JTHIIIIHITOBOCT
10 HOCOKA.

Teopema 2.3.13. Heka g : X X Y — R U {400} ¢ monyHenpexscHara OTI0Ay (DYHKITUS, KOSITO
¢ HeMpeKbCHATA BEPXY JoMelHa cu. [la JomycHeM, 4e g € OTrope-0Trope peryisipHa u CTporo
JUIMIIKAIOBA 0 TOCOKA B (X, Vo) € dom g 1o orHomenue ua (fig, kg) € X X Y.

Torasa ceimecTByBar KoHCTaHTH @ > 0 1 S €]0, @[ TakuBa, Ue 3a BCsKa MOTYHETPEKBCHATA
ornony Gyuknus f : X X ¥ — R U {+oo} ¢ dom f N ((x0,v0) + SB°) £ @ ycaoBuero

Js) af(x,y) C 0g(x,y), V(x,¥) € (x0,v0) +aB®

BJICUC
f(xy) = g(x,y) + const, VY(x,y) € (x0,¥0) +SB°.

Bropusit pesynrar (Teopema 2.3.15) e 3a nokaiHa MHTETPYEMOCT Ha YacTHHUTE cyOmude-
peHnHanmd Ha (YyHKIUS HA JIBC NMPOMCHIMBH, 33 KOSATO Ca B CHJIA OT/JCIHA PETYISPHOCT H
OTJICIIHA IHIIIHIIOBOCT 110 II0COKA.

3a menra ce Hajara jJ1a BbBEJCM I10-CHIIHA BEPCHS HA CBOWCTBOTO OTACIIHA JIHIIITHIIOBOCT
0 II0COKA, KAKTO BEYE HAPABHXME 32 CBOHCTBOTO JIMIIIIHIIOBOCT 110 1OCOKA.

Hepunnnusa 2.3.14. Heka g : X X ¥ — R U {400} ¢ momyHEPEKBCHATA OTAOIY IO BCAKA OT
NpOMEHIUBHTE (QYHKITH, KOSTO ¢ HeMpeKhcHAaTa BEPXY JoMelHa cu. Kazpame, ue g e cmpozo
OMOenHO IURUUY0BA 1O Nocokd B (Xg, Yo) € dom g mo orromenne Ha g € X n kg € Y ako 141 ¢
OTACIHO THIIIMIIOBA 110 TOCOKA B (Xg, Vo) IO OTHOIICHHE /g HA ky C HAKOM KOHCTaHTH K, &, 0
yaoeaetreopsipaim (2.11) u oceBen ToBa 3a BCsko (X, ) € ((X0,v0) + 6B°) N dom g dhyHknusra
g(-,y) € nokanHo uImmMIoBa BpXy Kankara X+]0, £](ho+6BY), a Gynkuusra g(x, -) € 10KanHo
JIMNIMIOBA BhpXy Kankara y+]0, £](ko + 6 BY).

Teopema 2.3.15. Hexka g : X X Y — R U {+o0} e monyHenmpekbcHATa OTAOTY TO BCSIKA OT
NPOMEHIUBHTE (QYHKIHUS, KOATO € HENPEKbhCHATA BHPXY JOMeHHa cH. [la mpeimoaoKuM ChINo
Taka, 9 g € OT/IETHO OTTOpe-0Trope perysipHa M CTPOTO OTACITHO JHUIMITHIIOBA IO TOCOKA B
(x0,¥0) € dom g o ornorenue Ha (hy, kg) € X X Y.

Toraea cwimecteyBar koucrantu « > 0 u S €]0,a Takupa, ye 3a BCsika (QyHKIUS f
X XY — RU {+o0}, k0ATO € MOTyHENPEKHCHATA OT/AOMY MO BCAKA OT MPOMEHIUBUTE H C
dom f N ((x0,y0) + SB°) # @ ycnorusita

PS) 01f(x,y) C d18(x,y) m 02f(x,y) C 028(x,y), VY(x,¥) € (x0,¥0) + @B’

BJICKAT
f(x,y) = g(x,y) + const, VY(x,y) € (x0,¥0) + BB°.

Ot Teopema 2.3.15 crmenpa HampuMmep JOKATHA MHTCTPYEMOCT HA M3MBKHANA MO BCIKA
OT TPOMCHIMBHTE (QYHKIHSA g, KOSTO MOXKE Jia TpUeMa W CTOWHOCT OE3KpaiHOCT, KOSTO €
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HOJIHEIPEKBCHATA OT/0Y 110 BCAKA OT IPOMEHJIMBUTE U HENPEKHCHATA BBPXY JOMEHHA CH B
OKOITHOCT Ha To4Ka (Xo,yo) Takasa, ue int [dom g(-, yg) X dom g(xy, )] # @.
B cinyuas Ha oraenHa peryiaspHOCT # 00IIa JHIIITHIIOBOCT 110 MOCOKA, JOKa3BaMe

Teopema 2.3.16. Hexka g : X X Y — R U {+o0} e modyHenmpexkhcHATa OTAOTY TO BCSIKA OT
NPOMEHITUBHTE (DYHKITHSL, KOATO € HEMPEKbhCHATA BHPXY JOMeHHa cH. [la TPeImoIoKuM ChIIo,
4e g € OTJCIHO OTTOPEe-OTIOpe PEeryisipHa M CTPOTO JIMIIIUIOBA 10 TIOCoKa B (X, Yo)€ dom g
mo otuormenue Ha (fig,0) € X x Y.

Torapa cemecrByBar koHcTanTH « > () u B €]0,a[ TakuBa 4e 3a Besika (QyHKIUSA
f 1 X XY — RU {+o0} K0ATO € MOTyHENPEKbCHATA OT/MOJy TO BCSIKA OT MPOMEHIWBHTE H
¢ dom f N ((xg,v0) + BB°) # @ ycaosusTa

PS) 01f(x,y) C 018(x,y), u 02f(x,¥) C 028(x,y), V(x,¥) € (x0,¥0) +aB®

BJICKAT
f(x,y) = g(x,y) + const, VY(x,y) € (x0,¥0) + BB°.

Teopema 2.3.16 B yacTHOCT TIOKa3Ba JIOKATHA MHTETPYEMOCT HA W3ITBKHAJTA TIO BCAKA OT
NPOMEHIUBHTE QYHKIHS g, KOATO MOXKE Jia IpHeMa U Oe3KpaiHH CTOWHOCTH, KOSITO € MOIy-
HCIMPCKBCHATA OTAOIY MO BCIAKA OT MPOMCHIIMBUTC U HCIIPCKBCHATA BLPXY ,Z[OMefIHa CH OKOJIO
TouKa (X, Yo) TAKaBa, Y€ CHINCCTRYBA HAKOC X € X, 3a kKoeTo (X, o) € int dom g.

3a nma 3apppHIuM, Ja OTOCICIKHM Y¢ BCHUKH PE3YNITATH 3a HHTCIPYEMOCT, MMOIYYCHH B
TO3W Tojnaparpagd Morar JeCHO jAa ObJar ajauTHpaHH 3a HEHPEKbCHATH (YHKIMH HA JIBS
NPOMCHITUBH, 32 KOMTO € B CHJIa YCIOBHE OT THI TOpHA-J0JIHA PETYISpHOCT (HampuMmep 3a
HEHPCKBCHATH M3MBKHAIO-BITEOHATH (PYHKITHH).

2.4 Yactu4Ho c1200 MH(P-KOMIAKTHH BBPXY KbJ0a CeIJT0BHIHH
GyHKkun

B To3u maparpad mzcneapame cepioBunn GyHknun K X X ¥ — [—oo, +co], aedunu-
panu B 0aHAXOBO MPOCTPAHCTBO, KOCTO € MPOU3BE/ICHHUE Ha OaHaxoBw mpocTpancTBa X u Y.
Takupa QyHKITMM ca TACHO CBBpP3aHH MHUHHUMAakcHHUTE 3a1aun. OCHOBEH MPUHOC B M3ydYaBaHe-
10 Ha ceposuannTe Gynkiuu uma Rockafellar, B ciydas xoraro X u Y ca xpalinomepHu
HNPOCTPAHCTBA, CBOWCTBATA HA CEJUTOBHIHUTES (PYHKIIMH Ca U3CICIBAHK HOAPOOHO B paboTH Ha
Rockafellar (Buwx nanpumep [142, 145, 148]), McLinden [117, 118, 119] u ap. Muoro ot Te3u
cBOMCTBa ca 0000menn B cay4dasi, korato X u ¥ ca 0aHaXOBH TPOCTPAHCTBA, €HOTO OT KOUTO
¢ pethiaekcuBHO B 10-KbcHU cTarud Ha Rockafellar [146, 149], Gossez [79] u ap. Hue npousi-
KaBaMe TEXHHUTE PEe3yNTarH 3a KIAaC OT CEJIOBHIAHU (YHKIUM, Ae(HUHUPAHU B MPOU3BEICHHUE
Ha TPOU3BOIHH OaHaxoBH mpocTpancTea X u Y.

CroiicTBara Ha CEMIOBHIHUTS QYHKITHE B 0aHAXOBO MPOCTPaHCTBO X X Y Ca M3I0KCHH B
noymaparpad 2.4.1.

Mopamaparpad 2.4.2 ¢ nmocBeTeH Ha M3Y4aBAHETO HA CYOMU(EPCHIMATHUTE CBOWCTBA HA
cemorriHA (DYHKIHMS U [O-TOYHO HA COOCTBEHA 3arBopeHa cemiopupHa (ynkmus K ;X X
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Y — [—oco, +00], KOATO HAPHYAME YACHUYHO CAAO0 UHG-KoMnakmua evpxy kvibda ([dedunu-
must 2.4.8), a numem Hakparko pbwc. [Jokaseame, e 3a Takapa (QyHKIMS JOMEHHBT HA CyO-
nudepennuana 0K ¢ venpasen (Teopema 2.4.11). Herro noBede, B TO3M KOHTEKCT ONEPATOPHT
Tk, aconmupan ¢ JK ¢ makcumanuno mouotoueH (Teopema 2.4.14). 3a coOcTreHa 3arBOpeHA
cemnorpuHa QyHKIMS K B IIMPOK TOAKIAC HA pbwe CeMIoBHIHUTE (DYHKIHU TTOKA3BAME, Ue
nomeitasT HA 0K e reer B gomeiina Ha K (Teopema 2.4.12).

B noanaparpad 2.4.3 nokaseame, ue 3a COOCTBEHA 3aTBOpeHA POWC CEIUIOBUTHA (PYHKITUS
K cyonudepennumanst 0K e unrerpyem (Teopema 2.4.15 u Teopema 2.4.16).

B pestoMe MOKeM jia KaXeM, 9€ ChITICCTBYBAT SICHH HApaIein MKy OCHOBHHTE CBOHCTRA
Ha cOOCTBEHA 3aTBOPCHA M3NBKHANA (QyHKIUs, AehuHHpana B OaHAXOBO MPOCTpaHCTBO X W
Te3u Ha coOCTBEHA 3arBOpeHa pbwe ceqioBuaHa QyHKIHA, AchuHupana B 0aHAXOBO IPOCT-
panctBo X X Y.

(X,]| - ) ¢ peanino OaHaxoBO HpOCTpPaHCTBO, a X* ¢ HEeroroTo crpernaro. CrperHaroro
Ha 0aHAXOBOTO MPOCTPAHCTBO X* ¢ Hapu4a gmopomo cnpezHamo Ha X U ce o3nadara ¢ X,
Bceeku enement na X ,aBa’ eneMent Ha X** 0CpeICTBOM KaHoHuuHomo eiazane” : X «— X**
JeQUHUPAHO KATO
XX ={(x,x") zaxeXux'eX".

Ja npunoMuuM, Y¢ JIBC HOPMHPAHH JIMHCHHH MPOCTPAHCTBA CE HapUyar KoHepyeHmuu (pe-
Janmys, KOATO O3Ha4aBaMe C =) ako CHITICCTBYBA 3amazBalil HopMara W3oMOppH3bM (HapedeH
KoHepyenmuocm) Mexay Tix. JJoope uzeectho ¢ (B Holmes [86]), ue KaHOHUYHOTO BIaraHe
¢ KOHTPYEHTHOCT MEXTy X U HETOBHAT 00paz XBX*, 1e. X = X. Obpazwr X na X ¢ 3arso-
peHo B HOpMara moanpocrpanctso Ha X** u |[X]| = ||x||. Koraro X chBnana c X**, 6aHaxoBOTO
npocTpancTBO X € peghnexkcusno. AHATOTHIHO, 0aHAXOBOTO MPOCTPAaHCTBO X* € KOHTPYCHTHO
na X*, r.e. X* = X* HOCPSICTBOM KAHOHUYHOTO Biarane . X* < X*** nedunupano karo

@) = (L 0 saxte X uxtt e X

Hero moseue, ()?)* = X* (smwx Holmes [86, p. 123]).

Hnvkuana @yuxyus f B X e HaBcsAkwae gepuHupaHa QYHKIMS ChC CTOWHOCTH B Pa3Iiiu-
peHara peajina upapa [—oo, +oo], uusato nadepaguxa epif = {(x,r) € X X R : f(x) <r} e
M3I'BKHAIO MHOXKECTBO. /fometinem Ha [ ce aedunupa karo dom f = {x € X : f(x) < +oo}.
Axko f(x) > —co 3a BesikOo X M f(X) < +co 33 mOHE €AHO X, TO [ ce Hapuya cobcmeend. B
MPOTHBCH ciydai [ ce Hapuua HecoOcmeena. ViznbkHanara QyHKIuUS [ ¢e HapUya 3ameopeHd
aKo ¢ COOCTBEHA M IMOJIYHCPSKBCHATA OT/IONY WK ITBK € THK/ISCTBCHO PaBHA HA +00 HIIH —00,
B to3u maparpad), OCBeH KOraro eKCIUIMIUTHO HE ¢ TOCOYCHO JAPYIO, CBONCTBATA 3AMBAPAHE
U NOLYHERPeKsCHAMOCH 0MO0y C& Pa3TIeK AT 110 OTHOIICHUE HA HOPMUPAHAMA MONOA02UA.
AKo ¢ JaJieHa Mpou3BoJIHA H3bKHANA QYHKIMA f B X, TO CHINECTBYBA HAH-TOIAMA 3aTBOPEHA
u3npkHana Gyakius Maxxopupana ot f. Tasu QyHKIus ce HApUYa 3ameapsane Ha [ u ce 03Ha-
qaga ¢ cl f. Scno e, we cl f < f u f ¢ 3arBopena Touno xoraro f = cl f. Koraro f me mpuema
cTOMHOCT —o0, ¢l f(x) = ligl_i)ilff(x’) 34 BCAKO X € X,

3a mpoussoiHa u3mbkHana Gyuknus f B X, pyuknmara f* 1 X* — [—oo, +00] geduHupana
KaTo

1) = su§{<x, XY = f(0)}
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ce Hapuua cnpezrama Ha f. Copernarara QyHKImsa Ha cOOCTBEHA TOTYHENPEKBCHATA OTIOIY
n3nbkaana QyHkiug f B X e coOcTBeHa n3nbkHana QYHKIHS B X*, KOATO € MOTYHENPeKbhCHATa
OTI0IIy KaKTO O OTHOIICHHE HA ciaabara® Tomoiorus w(X*, X), Taka U 110 OTHOIIICHUE HA HOP-
Mupanara tonoyorus 8 X*. Bmopama cnpeznama ua w3nbkaajga yaxius [ B X ce nedunupa
Karo cIperHarara Ha HeifHara cnperHara QyHKmus, T.e. T4 ¢ ynknusra f** 1 X** — [—oo, +0o0]
BBB BTOPOTO cniperHaro X**, neuHupana xaro

FPE) = sup {((F, X7 — A}

x*eX*

TeopusTa Ha criperHaTHTe W3NBKHATH (YHKIME € pa3BuTa Hanpumep B Brondsted [35], Fen-
chel [74], Moreau [127, 129], Rockafellar [143, 148].

Koraro f ¢ cobcreena w3nbkHajda (yHkuus, a Jf ¢ w3mbKHAIHST CyOnubupeHIual,
domdf < dom f. doOpe u3mecren ¢ pesynrarsT Ha Brondsted u Rockafellar [36]: ako wu3-
nekHana Qyaxmust f 1 X — R U {+c0} ¢ coOcTBeHA M OnyHENPEKbCHATa 0T10y, To domdf ¢
recTo B dom f.

Ob6pazvm va df ¢ muokectroTo B X* nedunupano karo Rge df = U 0f(x), aepaguxama

xeX
Ha 0f e muOKecTROTO gph df = {(x, x*) € X X X* : x* € 0f(x)}.

Hobpe uzsectro ¢ (pmx Hanpumep Aubin u Ekeland [8], Moreau [129] u Rockafellar [ 148]),
ug 33 coOCTReHA M3NbKHANIA DYHKIHUS [ CICIHUTE €A CKBUBAJICHTHU

X edfx) = f)+ ()= (xx")
W OT TAX CleaBa, ue X € dom f. Axo, OCBEH TOBa, f € TOMYHCTIPEKHCHATA OTAOAY B X,
(2.12) Xedf(x) = fO+ () =(x,x) < Xedf &

Ot Rockafellar [148, Corollary 23.5.2], 3naem 4e ako coOCcTBeHA H3ITbKHAIA (QYHKIMA f €
cyomudepenrupyema B X, 10 ¢l f(x) = f(x) u d(cl fH(x) = df(x).

Axo X e pedrnekcuBHO U f € cOOCTBEHA MOMyHENpEeKbcHaTa oTaony Qynknus ot (2.12)
¢ acHo, e f** moxke na ce uaeuTuduuupa ¢ f u ue 4f* mpocro ¢ ,,00parnore” Ha Jf. C
JApyru aymu, x € Jf*(x*) rorara u camo toraea, koraro x* € df(x). Axo X He ¢ peIeKCHBHO,
BpB3KaTa Mexay Of* u df ¢ mo-cioxkHa, HO Bee mak Jf* u df HAIBIHO CC OMPEACITAT CAMH
Jpyr, ceraacuo pesyarar Ha Rockafellar [147, Proposition 1].

3a Besiko ¥ € R, r-noouueo (unu r-unodcecmeo Ha Lebesque) na wznbkuana QyHkius f
¢ (BB3MOXKHO mpa3HoTo) MEHMKECTBO {f < r} 1= {x € X : f(x) < r}. O4eBHIHO, TO € HU3II'BK-
HAJI0 MHOXKECTBO M KOTaro f ¢ MOJyHEHPEKhCHATA OTI0Y € 3aTBOPCHO KAKTO B HOPMHpaHara
TOMOJIOTHs, TAKa M B caabara tononorus B X.

Kaspame, ue pynknus f : X — R U {+co} e crabo ung-xomnaxmua svpxy xvioa (bwc
HAKpaTKo) ako 3a Besko ¥ € R muoxkecrsara Lev, ,(f) := {f < r} NnnBx ca w(X, X*) xoMmakTu
3a BCSIKO 11 € N ¢ yroBopkara, 4e mpa3sHoTo MHOXKECTBO € ¢1a00 KOMITAKTHO. [la HAOMHUM, 4¢
MOHATHETO HH(-KOMITAKTHOCT € BBBEACHO 0T Moreau (Bux [129]).

C momorira na Rockafellar [147, Proposition 1] monyuaBame cieHaTa xapakTepu3arys Ha
coOcTBeHA 3arBOpeHa bwe M3IIbKHAIA (PYHKITHSL,
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Teopema 2.4.2. Heka f : X — R U {+00} ¢ cobcTBeHa MOTYHENPEKBCHATA OTIOTY U3MBKHATA
¢yuknus. Torapa CICAHUTE Ca CKBUBAJICHTHU:

(a) f ebwec;

(b) obpaszbr Ha Jf* ¢ HEMpa3HO MHOKECTRO B X;

(¢) dom f** cC X

24.1 CepnoBuann ¢pynkuun. CpoiicTea

Heka Z ¢ npoussejieHue Ha JiBe peajanu Oanaxopu npocrtpanctea X u Y, 1.e. Z = X X
Y. C npowusrojna pasymHa Hopma, Z ¢ OaHaxoBo npoctpanctBo. Heka esemem ||(x,y)|| =
max{||x||, |Ivll}) u na wmacHTHGUIEpPaMe HETOBOTO cropernaro ¢ X* X Y* karo wusnonszeBame
(), (X", ¥%)) = (6, x°) + (0, ).

Ceonosuona gyukyuss B 7 ¢ HaBcskbje jachunupana (Gynkrmuss K chC CTOWHOCTH B
[—o0, +00], Takara ue K(-,y) ¢ usnwkuana B X 3a Besko ¥y € Y, a K(x,-) ¢ ByrsOHara (T.e.
—K(x,-) ¢ usnpkuana) B Y 3a eesiko x € X. Osznauarame ¢ ¢l 1K cemioBuanara QyHKIHS 110-
AydeHa 4pes 3areapsiHeTo Ha K(X,V) Karo u3nbKHATA QYHKIMS HA X 33 BCSKO (DUKCHPAHO Y,
t.e. cl1K(x,y) := cl K(,¥)(x). [To mono0en Haumn o3nauarame ¢ ¢l K cepnmopunara GyHKius
nojydena karo 3arsopum (—K)(x,y) karo usmbKHAIA QYHKIUS HA Y 34 BCAKO (DHKCHPAHO X U
cJe/ TOBA B3EMEM HEMHATa MPOTUBOMOIOXKHA, T.C. cl2K(X,y) ;= —cl (—=K)(x, )(¥). ScHo ¢, uc
c1K <K <clK.

Hee cemuiopupuu Gyuxiuu K u [ B Z ce Hapuyar exeusaienmuy (o3uadapano ¢ K ~ L),
ako cl1K = cl{L u clK = cloL (Bux Gossez [79] u Rockafellar [148, 149]). Koraro K ~ L,
kasgame, 4¢ K u L npuHajiiexkar Ha ¢AUH U CBIN Kidc HA exsusarenmrocm ude K u L ca
npeocmagumeny Ha To3u Kiac. ChIIECTRYRA U Jpyra JAeQuHUINs Ha penamnusta K ~ L, KosaTo
pas3bupa c¢ ¢ CKBHBAJCHTHA HA UPC/AMINTHATA. 3a HEs € HEOOXOAMMO J1a BBBEJIEM OIS JIBS
MOHSTHS.

Oynxnusata B X X Y* noxydena upes cupsrane ua (—K)(X,y) 10 BTOpHS apTyMEHT HpH
(ukcupan nbppeU apryment, T.e. F(x, ) ;= [—K(x, )", wiu

F(x,y%) = sug{K(x,y) + 0,95}
ye

ce Hapuua usnwvkHan pooumen na K (Bmwx Rockafellar [145]). Ta ¢ usnbkHama (yHKIUS B
XxXY*.
Amnanorudso, gorvoHamuam pooumen Ha K ce gebunupa karo G(-,y) := —[K(,y)]*, wm

G(x*,y) = inf{K(x,y) = (x, x5}

Benuku QyHKIMY pouTENH pasriexkaaMe kato QyHKIUN Ha e0Ha 00wa npovmenausa B Oana-
XOBOTO TMPOCTPAHCTBO Z, KATO TCXHUTE JOMEHHH U CyOuBePEHITHAIN PA3ITICKIAME B CHIUS
TO3H KOHTCKCT.

Rockafellar B [148] noka3sea, ue nBe ceIOBHIHE (YHKIIHN Ca CKBUBAJICHTHH TOYHO KOTATO
HMAaT ¢J[HA M CBHIIH POIUTEIIH. 3a MBJIHOTA JOKA3BAME TO3H PE3y/ITar B

Jlema 2.4.3. Heka K,L : X X Y — [—o0, +00] ca ase ceamopugau hyuxiuu., K ~ L torara u
€aMo TOTaRa, KOraro T¢ UMAT ¢HU U CHIIH POJUTEIIN.
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Axo cl1K u cl2K ca ekpuBamenTnu Ha K (3armmcano kato K ~ cl1K ~ cl2K), o K
ce mapuua zameopena cemnopuana yuxmus (Bux Gossez [79] u Rockafellar [148, 149]).
Heobxoaumo u jgocrarsudo ycinoeue K jia Objie 3aTBOpeHa €

cl 1012K = CllK n ClzCllK = ClzK.

Jlecno ce nposepsiea, ue ako K ¢ 3aTBopeHa ceioBuaHa (hyHKus U L ¢ ceopuHa QyHKIHS,
ekpuBasieHTHa Ha K, T.e. L. ~ K, T0 L CBIIO € 3arBOpEHa.

Edhexmuenuam domeiin na cepnorunna Qyakius K (s Rockafellar [145, 146, 148]) ce
nepunmpa karo MuOkecTBOTO Dom 'K = C} X D, kbeTo

Cy={xeX:K(x,y) <+co, VyeVl}

= eY Ky >—-0, VYxeX}

OCHOBHMAT HEJOCTATHK HA Tasu JAehuuums uasa ot ¢akra, ye¢ Dom’K 3aBucH 0T mpejacTa-
BHTENIS HA KJaca HA CKBHBAICHTHOCT Ha K, Kakro c¢ Bk/a B enud npumep Ha Rockafellar
(Bx Gossez [79]). [opaam Ta3u NpUYMHA CE BHBEKAA CIETHOTO MO-TOAXO/SINO TOHITHE 38
JOMEHH Ha CeUIoBHAHA (QyHKIUS K, KOSTO 3aBHCH CaMO OT KJaca HAa CKBHBAJICHTHOCT, Ha
KOWTO mpuHAIeKu K (HO HE M OT UPEJACTABUTEIINTE HA TO3W KJac). /{omelinbm Ha CeaIoBa
¢byuxnus K (Bux Gossez [79] u Rockafellar [149]) ce nedunupa karo Dom K = Cg X Dy,
KBJIETO
Cx={xe X clK(x,y) < 400, VYyveVY},

D ={yeY:cl1K(x,y) > —c0o, VYxeX}

Scno e, ve Dom K € Dom’K. Ako K ¢ 3areopera, DomK ¢ rect B Dom’K u DomK =
Dom’cl 1K N Dom’cl;K (Bux Gossez [79, Proposition 1]). Cemmoruanara ¢pynxmus K ce
Hapu4a cobcmeena, ako Dom’K e menpasno Mmuokectso. Chegosarenno, ako K ¢ 3arBopena,
T ¢ coOCTBeHA TOYHO Koraro Dom K ¢ HenpasHo MHOKECTBO.

Jlema 2.4.4. Heka K : X X Y — [—co, +00] ¢ cequiosa pyakius. Torapa

DomK ={(x,y) e X XY : —o0o < cl1K(x,y) < K(x,y) <cl2K(x,y) < +00}.

24.2 CyOnugepenuuan Ha ceuioBuaHa QyHKuusA. YacTuyHo cnaldo mHP-KOM-
NMAKTHH BbPXYy KbJ0a cenyoBuann Gpynkuun. lepuaunus u cBoiicTea

Moustuero 3a cyoaudepennuan va cepiopuana Gyukmus K : X X Y — [—co, +oo] ¢ BbBe-
neno or Rockafellar karo MuOrossaunoro usobpaxenue K : X x ¥ — 2X*7" jeduuupano
Karo

OK(x,y) :={(x",y") € Z" . x* ¢ cyOrpajenT Ha usnbkaanara Gynknus K(,y) B x 1
—y* e cyOrpapuent Ha usnpkaanara Gyaxmus —K(x, ) B y}.

Muoxecteoro dK(X,y) (koeTo ¢ BE3MOKHO Ja ObJIe MpasHo) ce HApH4a CyOoudepeHyud na
K B (x,y) (Buwx Rockafellar [148, 142]). /lomelinem na 0K ce pedunupa karo DomdK =
{(x,v) e XX Y :0K(x,y) # @}. dcno e, ue xoraro K ¢ cobcTrena,

DomdK c DomK.
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OpurvHaHUAT KPAaHHOMEPEH BApUAHT HA CJISIBAIIATA JieMa MOXe Jia ce Hamepu B Rocka-
fellar [145, Lemma 4]. Harmero qoka3areicTBO CIEABA CHIUTE CTHIIKH.

Jlema 2.4.7. 3a cobcrrena 3arsopeHa ceaiopuna Gpyukmus K : X X Y — [—co, +oo] caeaaure
Cda CKBUBAJICHTHHU .

(a) (x*,y) € OF (x,y");

(b) (x;y") € A(=G)(x",y);

(¢) (x*, —y") € IK(x, y).

Besko ot Te3u yenmorus Biaeue, ue cronnoctute F(x,y*), G(x*,y) u K(x,y) ca xpaitnu.

Karo xomOunupame Jlema 2.4.3 u Jlema 2.4.7, necuo noayuarame, e ako K ¢ coOCTBCHA
3arBopeHa cetosuaHa QyHknus u L ¢ ceqnoruana QyHknus, ckeupaneHTHa Ha K, t.e. L ~
K, to 0K = OL. Cueporarenno cybpudepeHnuaabT Ha COOCTBCHA 3aTBOPEHA CCIIOBHIHA
¢bynxus K 3aBHCH caMo OT KiTaca Ha CKBUBAICHTHOCT, HA KOHTO MPpUHAANCKH K U HE 3aBUCH
OT HETOBUTE MPE/ICTABUTEIIH.

3Hae ce, ye JOMEHHBT Ha cyOaudepeninana Ha coOOCTBEHA 3aTBOPEHA CEJIOBU/IHA (PyHK-
mast K : XX Y — [—o0, +00] ¢ HenpaseH koraro ¢iHo ot npoctpancTeara X u ¥ ¢ peQuekcHpHO
(ewx Rockafellar [146]). B Teopema 2.4.11 moka3Bame, 4e TakoBa CBOWCTBO MMa M KIIaC OT
3aTBOPCHU CETIOBHIHU QYHKIMH, TeQUHUPAHA B MPOU3BE/ICHHEC HA OAHAXOBH MPOCTPAHCTRA,
KOHMTO BBBEXKIAME B CJIE/BAIATA

Hepunumus 2.4.8. Heka X, Y ca Ganaxosu mpoctpanctBa U Heka K : X X ¥V — [—co, +o0] €
ceMorH THA (DYHKIHS.

Kaseame, ue K ¢ X-bwc, ako 3a Hskoe yo € Dg dynknusra cl 1K(-,yg) ¢ bwc u kazpame,
ue K ¢ Y-bwe, ako 3a Haxoe Xg € Cx Qyukrusta —cl K (xo, -) ¢ bwe.

Hapuuame K uwacmuuno ciabo ungh-xomnaxmua ewpxy Kuvida (pbwce nakparko), ako ¢ X-
bwc wm Y-bwec.

Axko 3a usikoe (Xp,yo) € Dom K, msikost ot ¢yaknuute cl 1 K(-, yp) wim —cl 2K (xp, ) € bwe,
10 K ce Hapu4a HANBAHO YACMUYHO CAA60 UHG-KOMNAKMHA 8bpXy Kba0a ((pbwce Hakparko).

Ha orGenexum, ue korato ¢aHO OT npocrpancteara X u Y, ja kakem X, ¢ peuieKCHBHO,
T0 BCsika ceiormana Gynakius K B X X Y ¢ tpbwe, 3amoro ¢l 1K(-,y) ¢ X-bwe 3a Besiko y € Y
KOETO € ABDKM Ha ciabara KOMIMAKTHOCT Ha By.

Ot nedununmsra e sScHo, 4e Beaka GpyHknus K, kosato ¢ tpbwe e pbwe, Ho koraro u JBere
MPOCTPAHCTBA HE Ca PSQIICKCHUBHH CHITICCTBYBAT pbwC CemoBUIHN (DYHKITUH, KOMTO HE Ca
tpbwc, KakTo ¢ce BIK/A OT CIIC/BAIIUS

Mpuvep 2.4.9 (npennoxen or M. Ivanov). Heka X ¢ ¥V ca aBe OaHaxoBH TPOCTPAHCTBA,

KouTO HEe ca pednekcuBuu. Jla Gukcupame Gpyukmma g 1 X — R U {+co}, koATO ¢ U3NbKHATA,

MOJIYHENPEKbCHATa 0T/A01y u bwc u Takara, ye g(0) = 0 u g(x) > 0 3a Besiko x € X \ {0} u

takapa 4e 3a C ;= dom g muokecteoro By Ncl C He ¢ w(X, X*) KOMIIAKTHO U HE € TIPA3HO.
Torapa pynkimsara K ot X X ¥ B [—co, +o0], epuHupana karo

(1—-lylDg(x), axoxeC, yeBy
K(x,y) = —oo, axkox€C,y¢ By
+00, B POTUBEH Cilydait
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¢ cobcrrena 3arsopeHa ceosuana Gyukimus ¢ Dom K = C X By. 3a yp = 0 € By umawme,
ue cl1K(:,v0) = K(:,y0) = g(-), xosito ¢ bwc u caenorarenno K ¢ pbwe. Ot npyra crpana,
nposepsiBa ce 4e K He e tpbwc.

Karo ¢yukius g : X — R U {+oo} ¢be crolicTBaTa H30POCHH HO-TOPE B MPOCTPAHCTBOTO
X := [1(N) Moxe 1a ce B3eMe HApuMep (PYyHKIUSITA

g(x) = Z 2"x,]  3aBesko x € [H(N), x = (x,),2;.

n=1

[No-nararpk nokazeame, e pbwe ceTOBHAHUTE (DYHKIMU [IPUTEKABAT MHOTO OT A00pe
M3BECTHUTE CBOMCTRA HA CSIUIOBMIHUTE (HYHKIHH, NCHUHHPAHN B IPOU3BEICHUC HA DAaHAXOBU
HNPOCTPAHCTBA, CTHOTO OT KOUTO € Pe(ICKCHBHO.

Teopema 2.4.11. Heka X, Y ca Ganaxosu mnpoctpanctBa ¥ Heka K : X X ¥ — [—co, +o0] ¢
3arBopeHa coocreeHa pbwe ceanoruana Gyukius. Torapa Dom oK # @.

Ot Teopema 2.4.11 noayyapaMe IeCTOTAaTa Ha JOMEHHA Ha CyOpu)epeHIMaia B loMeiHA
Ha coOcTBeHa 3aTBOpeHa tpbwce cemoBuHa GyHkmUs. To3H pe3yinTar ¢ NpeAronoKeH 3a mMpo-
M3BONIHA COOCTBEHA 3arBOpeHa ceioruaHa (Qyukius or Rockafellar (pmx Rockafellar [146,
p. 249)]). PesynrarsT € jokazaH OT Hero koraro X W Y ca KpalWHOMEpPHH MPOCTPAHCTBA (BIK
Rockafellar [142, 148]) u npoawiken ot Gossez (emx Gossez [79, Theorem 1]) 3a ciyuas
Koraro ¢Ho ot npocrpancteara X u Y ¢ peduiekcurHO. [IpeanonoxeHnero 3a peduieKkCHBHOCT
€€ M3IOJI3Ba CHINECTREHO B J0KA3aTEICTBOTO, 3a Jla CE OCHTYPH, Ue B TO3M ciaydail DomdK e
HETpa3Ho MHOKECTBO. Hue crieisaMe B 00OIM THHHHE JI0KA3aTesicTBOTO Ha (GOssez.

Teopema 2.4.12. Heka X, Y ca GanaxoBu npoctpancTBa m Heka K : X X ¥ — [—co,+o0] ¢
cobcrrena 3areopena tpbwc cepioruiaa gyukius. Toraga Dom dK e recto B Dom K.

C Besika ceuiopuina Gyukmus K © X X ¥ — [—oo, +00] Moxe j1a ObI¢ aCOIMMUPAH MOHOTO-
HEH (BIDK 110-7071y) MHOTO3HaueH omeparop Tx : X X ¥ — 2X*V" nedunnpan xaro

Tr(x,y) = {(x",y) e X" xY*: (x*,—y*) € 0K(x, ).

Koraro K e coOcteena u 3arBopena, B Jlema 2.4.7 ycranoBuxme, ue 0K 3aBHCH caMo0 OT Kiraca
Ha CKBUBAIICHTHOCT, HA KOWTO mpuHagiexu K. CiepoBarenHo, CBINOTO € B CHIa W 34 OTle-
paropa Tx. To3u orneparop € BbBEJCH BBB Bpb3Ka C pasriiekJaHeTO Ha MUHUMAKCHH 3aJlaud
ot Rockafellar [146], koiiTo nokaszBa, 4ye B coydas KOraro TOHE €IHO OT OaHAXOBHTE TPOCT-
pancTBa ¢ peduekcusHo, Tx ¢ MaKCHMAaIHO MOHOTOHEH koraro K e coOcTBeHa W 3aTBOpEHA
(emx Rockafellar [146, Theorem 3]). e nokaxkem, 4e TOBA TRBPJACHHUE ¢ BAPHO U Koraro K ¢
co0CTBEHA 3aTBOPCHA YACTHYHO c1a00 MH(-KOMITAKTHA BBPXY KbI0a QyHKIUs, JehHHEpaHa B
0aHaxOBO MMPOU3BCACHUE HA IPOU3BOIHKM 0aHAXOBU NMPOCTPAHCTBA. TSCHA BPB3KA MEXY COO-
CTBCHUTC 3aTBOPCHU CCIAJIOBHUIHU CI)YHKI_[I/II/I B X X X ¥ MakCUMaJTHO MOHOTOHHHUTEC oncparopu
B X ¢ ycranoseHa ot Krauss B [105].

Ha npunomaum, ge orneparop S :=3 X* or 6aHaxoBO npocTpancTBo X B HETOBOTO CIIPErHa-
10 X* ce Hapuda MOHOmOHeH ako 3a x* € S(x), y* € S(¥) e wznwanHeHO (X — ¥, X" —y*) > 0 m ce
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HApUYa MAKCUMANHO MOHOMOHEH aKO ¢ MOHOTOHCH M HAMA HETPUBHAIIHO MOHOTOHHO Pa3Iiiu-
penue, T.¢. ako (X, x*) € X X X* ¢ Takosa, Y¢ MOHOTOHHATA pemarmus {(x —y, x* —y*) > 0 ¢ B cuna
3a Besiko (v,¥*) € gph S, To (x, x*) € gph S (Bwx manpumep Phelps [133], Rockafellar [147] u
Simons [156]).

Teopema 2.4.14. Heka X, Y ca GanaxoBu mpoctpanctsa U Heka K : X X Y — [—co, +o0]
¢ 3areopena coOcteeHa pbwe ceqnoruana yuxmus. Torapa oneparopsT Tx € MaKCHMAaIHO
MOHOTOHCH.

[Ha orGenexum, ue B crarusara Ha Pak [131] roprusrt pesyarar ¢ ¢popMynupaH 3a Mpous-
BOJTHA COOCTBEHA 3aTBOPEHA CEANOBHAHA (DYHKIHUSA, Je(pUHHpaHA B OaHAXOBO HPOCTPAHCTBO
TMIPpOU3BCACHUC HA NIPOU3BOJIHU 6aHaXOBI/I MMpOCTPAHCTBA, HO NPCACTABCHOTO B CTAaTHUATA JOKA-
3aTEICTBO HEABHO Hpe/Ionara pe(IekcHBHOCT.

2.4.3 MHuTerpyemoct Ha cy0nndepeHnuaga Ha cOOCTBeHA 3aTBOPEHA YACTHYHO
¢J12a00 HH(-KOMIIAKTHA BBPXY KbJI0A CeNIOBHAHA (PYHKIHUS

Hurepecyrame ce oT MHTEIpyeMOCTTa Ha CyOau)epeHIMaia Ha CeIOBHIHA (DYHKIHS B
0aHaxOBO NMPOCTPAHCTRO, KOCTO € NPOU3BC/ACHUE HA OAHAXOBH MPOCTpPAHCTBA. Pe3yararet ¢
JIOKa3aH 3a aunimmiosa ceposuana Gyuakmus or Correa u Thibault B [54]. Hsakou 00o0ieHus
3a JTUINHANOBH 10 TIOCOKA CEUTOBHIHA (YHKIUHM Bedue OsXa HalpaBeHu B maparpad 2.3.

Pasrnexxgame qee codcTrenu 3areoperu ceioeu i Gyukimun K, L : X X ¥ — [—oo, +00],
JeuHUpanu B 0aHAXOBO NMPOCTPAHCTBO MPOU3BCICHUE U CC UHTCPESCYBAME OT TOBA JIAIH yC-
aosueTo pbwce 3a exna or gyukmuure K u L u Brmouranero 0L C 0K Brneue, e K u L ca
CKBHBAJICHTHH C TOYHOCT JI0 KpaifHa a[MTMBHA KOHCTAHTA.

[IsepBo pasriaekaaMe cirydas, KOraro ,,BeTpelnHaTa’ mo OTHOIICHHE Ha CyOnubepeHiuar-
HOTO BK/IHOUBaHE QyHKIHS [ ce npeanonara pbwe u qokaspame

Teopema 2.4.15. Heka X, Y ca GanaxoBu mpocrpanctBa W Heka L : X X ¥ — [—co, +o0] ¢
co0cTBEHa 3aTBOpeHa pbWe CEATOBUIHA PYHKITHSA.
Torapa 3a Bcsika coOcTBeHa 3aTBOpEHA ceAnoBuaHa QyHkuA K @ X X ¥ — [—o0, +00]
YCIOBHETO
OL(x,y) C 0K(x,y), V¥Y(x,y) € DomdL

BIcue, ue K u . ca CKBUBAJICHTHHU C TOYHOCT 0 KpaifHa aIuTHRHA KOHCTaHTa ¢, T.¢. K ~ (L+c).

Cren ToBa pasriexame cirydasi, Koraro ,,BpHITHATA 32 CyOu(epeHIaTHOTO BKIIOYBAHE
¢dynxmus K ce npeamonara pbwc u JjokazBame

Teopema 2.4.16. Hexa X, Y ca GanaxoBu npoctpanctBa u Heka K : X X ¥ — [—co, +o0] €
co0cTBeHa 3aTBOpeHa pbwe CEATOBUIHA PYHKITHA.

Torapa 3a Bcska coOcTBeHa 3arBopeHa cejnoBuaHa QyHkmus L @ X X ¥ — [—o0, +00]
yCIIOBHSTA

o1cl1L(,y) CK(,y), u O2(—cl2L)(x, ) C 2(=K)(x,),¥(x,y) € X XY

Brckat ue K u L ca CKBUBAJICHTHH C TOUHOCT JI0 KpaiHa auTHBHA KOHCTaHTa ¢, T.¢. K ~ (L+¢).



I'nmasa 3

BapuanuoHen aHajaus Ha
MHOTIO3HAYHM U300paKeHUs

B Tta3u rmasa nu3CiacaBaM¢ MHOT'O3HAYHH I/I306pa)K€HI/I$I A MHOTI'O3HAaYHH I/I306pa)K€HI/I$I, 3a-
BHCCIKM OT IapaMcCThbp. Takupa I/I306pa)K€HI/I$I YCCTO CC PaASTICKJAAT B ONTHMHU3ANUATA U CC
nu3ydaBar MHTCH3UBHO MPE3 MOCICIHUTC IOANHHA.

B maparpad 3.1 wmscieaBame TN JTHOIMIIOBA HENPEKBCHATOCT (Aubin HENpEeKHCHATOCT)
MO OTHOIIICHHE HA TapaMeThp HA MHOXECTBOTO OT PEIICHHS Ha MapaMeTpU3upaHa MAHHMAK-
CHa 33/1ada B 0aHAXOBO MPOCTPAHCTBO IPOH3BEACHHE Ha OaHAXOBH MPOCTpaHCTBA. [laBame
JAOCTAaTHYHO YCIOBHE 3a TOBA H300PaKCHUETO, KOSTO HA CTOMHOCT HA HapaMeThpa CHIOCTABA
MHOXECTBOTO OT PEIICHHUS Ha 33jadara (KOETo € BB3MOXKHO Ja ObJe MHOrO3HAYHO M HEOT-
PaHUYCHO) Jla MMa CBOMCTBOTO Ha Aubin. Pesyrrarure oT To3u maparpad ca myOnMKyBaHu B
[140].

B maparpad 3.2 njapame kpuTepuii 3a MeTpHUYECKa PEryISPHOCT HA MHOTO3HAYHO M300pa-
XKeHHE, KOUTO ¢ Oasupan Ha paboru Ha J.-P. Aubin u HeroBu crarropu. JJokazeamMe u CBBp-
3aHa ¢ Hero TeopeMa 3a HessHata (Qynkius. Karto npumoxeHus nokazpame, 4e KPUTEPHAT Ha
Aubin Bogm g0 w3BecTHHS (aKT, 4e M300PAKCHUE, CBBP3aHO ChC CHCTEMA OT PaBCHCTBA W
HEPABEHCTBA € METPUYCCKH PETYIApHO TOTaBa M CaMO TOTapa, KOTaro € B CHIIA YCIOBHETO
Ha Mangasarian-Fromovitz. Cpino Taka JaBaMe HOBO HEOOXOAMMO M JOCTaTHYHO YCIOBHE 32
CTpOra peryisipHOCT Ha BapHAIlMOHHHM HEPABEHCTBA BBPXY MHOIOCTCHHU MHOXkKecTBa. IIpesc-
TaBsME W HOBO JIOKA3aTEIICTBO, OCHOBAHO Ha KpuTepus Ha Aubin, Ha Teopemara 3a pajgnyca Ha
METpHYECKa PeryrapHocT. Pesyaratute oT To3u Maparpad ca myOnukyBanu B [63].

B maparpad 3.3 e jokazan npuHImn 3a Asara opOHTa WIM Hpa3Ha CTOMHOCT 3a MHOTO03-
HAYHO U300pakeHue. [IpUHIUIIBT € W3NO0N3BaH 32 YHU(UITMPAH MOX0/l KbM HAKOH PE3ylITarh
— TeopeMa 3a (UKCHpaHa TOYKA HA MHOTO3HAYHO H300PaXCHHUE M TCOPEMH 3a CIOPECKTHBHOCT
Ha eHO3HAYHK H300paxkenus. Pesynrarure ot To3u maparpad ca myOmukysanu B [96].

65
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3.1 IlapameTrpu3dupaHa MHUHMMAKCHA 32/1a4A4: OTHOCHO JIMIIIHIOB
THII 3ABUCUMOCT HA PEIICHUETO OT MapaMeTbp

B To3u maparpad mokazBaMe JOCTATHUHU YCIOBHUS 3a Aubin HENMPEKBHCHATOCT HA M300pa-
xenueto pemeHue S A 3 S(1) Ha napaMeTpu3upaHa MHHHMAKCHA 3a/1a4a

M) inf sup f(x,y, ),
xeK yEL

KpIeTO A € A ¢ mapaMeTsp. Jasame mpuMEpH, WAIOCTPHPAITH TC3U yCIOBUA. CKUIUpaME U
HAKOJIKO CICACTBHUA, CBHP3aHU CHC ClIy4das Ha I/I3HT)KHaJ'IO-B,Z[JTb6HaTI/I TJIIaJKu JaHHH.

Heka B mapamerpusupanara MuHUMakcHa 3aqada M(A) muokectsata K u L ca HEempaszHu
3aTBOPCHH MOJMHOKECTBA HAa Oanaxosu npocrpanctsa X u Y cvoreerno; {f(-,, ) : X XY —
R, 1 € A} e damuims ot peamHozHadHu (QYHKITUM, HapaMeTpusupana or 1 € A, kpJeto A e
MOMHOKECTBO HA 0aHAXOBO MPOCTPAHCTRO Z.

Ceonosa mouxa na f(-,-,1) B K X L ¢ Beska Touka (X,y) € K X L, Takasa ye

Sy, DLy, <L f(x,y,) VxeK, VyelL.

Besika cenora touka (X, y) Ha f(-,-, A) B KX L Moxe j1a Objie pasriek/aHa U Karo PEIICHHe Ha
MHHHMakcHara 3aja4a M(A) nopamu tosa, e (X,y) € KX Lu f(x,y) = infrex supyer f(x,, D.
Ha o3uauuM (BB3MOXHO W MPA3HOTO) MHOXKECTBO OT BCHYKH CEJUIOBH TOYKH Ha (YHKIHA
fC,,DBKXLc

(3.1 S ={x,y)eKxL: f(x,y, ) < f(X,3, D) < f(x,y, 1), Vx € K, Vy € L}.

Toea S(A) na 6w/ HEMpa3HO MOXKE Ja C& OCHIypH B peauna ciydau. Hampumep, ako K
u [ ca M3NBKHATH MHOXKECTBA, f(X,V, 1) ¢ M3MBKHATA W MONYHCHPECKBCHATA OTAOAY TO X,
BUIKOHATA M MOJYHEHPEKbCHATA OTTOPE 1O Y M CHINECTBYRAT Xo € K u yo € L takupa, ue
f(C,v0, D) e uad-komnakraa u f(xp, -, ) € cyn-kommnakraa, 10 S(1) # @ CHIIIACHO MUHUMAK-
cen pesynrar Ha Hartung [81, Theorem 1] (Bux ome Aubin u Ekeland [8, Theorem 6.2.8]).
Axo B jonsiaeHHE f(X, Yy, A) € CTPOro M3NMBKHAIA 110 X U CTPOTO BIBOHATA 110 Y, TO S(A) ¢
CHOTOYKOBO.

Hue npenmonarame, ue cemioru Touku 3a M(A) crinectryBar u HOKyCHpaMe HAIICTO BHU-
MaHHE KbM HM3YYaBaHETO HA JHUIIIKIOB THI 3aBHCUMOCT HAa MHOKECTBOTO OT perieHus S(A)
or napameTbpa A. [loslygyaBame A0CTarbYHU YCIOBUS 3a JUIIIUIIOB THII HENMPEKBCHATOCT HA
MHOTO3HAYHOTO H300paXKCHUE

S:A1=280)

0T A B HempaszHUTE MoAMHOXkecTBa Ha K X L.

Paszbupa ce, xoraro uzoOpakeHuero S € €IHO3HAYHO, JUIIIUAIOBUAT THII HEIPEKHCHA-
TOCT ce pazOMpa B KIIACHYCCKHS JTHOIMIOB cMUCHI. Ho mizobpaxenuero S mMoxe jga Obje
MHOTO3Ha4HO. Herro noseve, Heropure cToHOCTH S(A) Morar jga ObJar HEOrpaHWICHH MHO-
xecTpa. [TOHATHE 3a JUIIIIUIIOB THIT HENMPEKBCHATOCT, MHOTO MOJIXO/IAIIO 3a CAy4ast, € 1ajJCHO
ot Aubin [4, 5]:
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Mmuoroznaunoro uzobpaxkenue S : A = X uma ceoticmeomo Ha Aubin, vim ¢ Aubin
HenpexvcHamo okono (A, X) € gph §, ako CHITICCTRYBAT MOJOKUTEIIHA KOHCTAHTA K U OKOJTHOCTH
U naXxwuV Ha A, TakuBa 4ye

eSWNUSwW) <xlld—pll, YAueAny,

KBAETO e(A, B) := sup,., d(x, B) e excyecvm oT MHOXKeCTBO A 10 MHOXKecTBO B karo (@, B) =
+co0. S ce mapuua Aubin nHenpexvchamo ako S ¢ Aubin HEOPEKBCHATO OKOJIO BCAKA TOYKA
(1,%) € gphS.

3a paznuuyHM OpUIOKEHUS Ha Aubin HENPEKHCHATOCTTA B 00JACTTA HA HOAHHCHHUS aHa-
M3 MOXKE Jia C¢ Hanpaeu cupaska nanpumep B Aubin [4, 5], Aubin u Frankowska [10] u
Rockafellar u Wets [152]. Useectro €, ye CBOMCTBOTO HA Aubin Ha u300pakeHHE S OKOIO
(1,X) € eKBUBAICHTHO HA MeTpHUecKaTa perysaproct Ha S ! okono (¥, 1) ¥ IbPBOHAYAIHO €
BBBE/ICHO OT Aubin B [5] mox uMmero ncegdo aunuiuyosa Henpekvcuamocm. [losede Oubamor-
padcku neraiau uma B kaurara Ha Rockafellar u Wets [152].

Koraro S ¢ siokanuo orpanudeHo, Aubin HEMPEKHCHATOCTTA CHBIANA C KIACHYESCKOTO 110~
HATHE 32 TUIIAII0BA HEMPEKBCHATOCT HA MHOTO3HAYHH U300pakenus (Buxx Aubin u Frankow-
ska [10] u Rockafellar u Wets [152])

e(S (D), S) Sklld —pll, YA pu,

HO CBOWCTBOTO Ha Aubin paboTn u 0€3 HHKAKBO YCIOBHE 32 OIPAaHHYCHOCT HA CTOWHOCTHTE
Ha S. CeoiictBoTo Ha Aubin B JCHCTBUTEIHOCT € JIMIIIUIOBO CBONCTBO JOKAIM3UPAHO KAKTO
B MIPOCTPAHCTBOTO 00pa3 Taka U B NPOCTPAHCTBOTO JTOMCHH.

B mogmaparpad 3.1.1 naBame HE0OXOJUMHUTE TIPEIBAPHTEIHU CBEJCHHA U JIOKa3BaMe JI0C-
TATB4YHO YCIOBUE 32 Aubin HENpeKbCHATOCT Ha W300paxkeHwero pemenue S @ A = X Ha
napamMeTpH3upana MUHUMH3AMOHHA 3a/1a9a

) inf 5.

MHoro arTOpH M3yuaBar MO00HA HA JHMITHIIOBOCT 3aBHCHMOCT OT A Ha PEIICHHUATA HA aco-
MUUPaHoTo 0000MmeHo ypasueHue Ha Euler (Bkinourane)

0 € V. f(x, D) + Nx(x);

Bk Bonnans u Shapiro [22], Dontchev u Rockafellar [65], Shapiro [155] u riurtupanara B Tsix
JAUTEpaTypa 3a CKOPOITHH PasBHTHs MO Temara. TyK HHE HE CJCABaME TO3H IMOJXO0]I, 3aI0TO
uzobpakenuero St A 3 St(A), koeTo Ha BCAKO A NPUCBOSIBA MHOXKECTBOTO S 1(1) oT perne-
Hus Ha 0000menoTo ypapuenue Ha Euler e macnenssa cBoiictBoTo Aubin HENPEeKbCHATOCT
ot § (Buwx [Ipumep 3.1.6 3a mapaMeTpusnpana 3ajada, Takapa 4e CHOTBETHOTO S ¢ Aubin
HETIPEKBCHATO, JOKATO St HE €).

B noanaparpad 3.1.2 gokazeame ocuorHus pesynrar (Teopema 3.1.10), koiiTo npeacras-
JsIBA JIOCTATHYHO YCAOBHE 32 Aubin HENPEKBCHATOCT HA W300PAKCHUETO HA CCAJIOBUTE TOYKH
S A =2 X X Y Ha napameTpusupaHa MEHUMAaKCHA 3a1a4a M(A).
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ScHo e, ue pesynrarute ot nogmaparpad 3.1.1 ce cpappkar B mo-odiara paMka Ha mnoja-
parpag 3.1.2. Berupeku ToBa JOKa3aTeICTBOTO HA MO-NPOCTHUS CIydal rmoMara 3a pazoupaneTo
HA TTO-TEXHHYHOTO JOKA3aTEICTBO B 00U CITydan.

Hoamaparpad 3.1.3 cBpp3Ba MOMyYECHUTE PE3YATATH C HIKOM BBIPOCH OT oOIacTTa Ha
JudepeHIaTHuTe UIPH C JABaMa UTPadd U HyJIeBa CyMa.

3.1.1 IlapameTpu3upaHa MHHMMHU3AIMOHHA 3a/1a4a

Kakro Beue criomenaxme, padotum B 0anaxoeo mnpocrpancteo (X, || - ).

3a C C X gyuryuama pascmosuue 1o C ¢ d(x,C) :=infeec ||[x—c|l, axo C # @ u d(x,C) :=
+co, ako C = @.

Oyuxius [ © X — R ce napuua Gdteaux oughepenyupyema B8 X € X ako ChIISCTBYyBa
Vf(X) € X*, napeden Gdteaux npou3600Ha Ha f B X, TAKBB 4e 33 BCSIKO f € X,

y_{% w = (Vf®),h)
U f ce Hapuda cmpo2o oupepenyupyema B X KOTaTo
lim M = (V@) h).

x—X t
t—0

3a j1a/1eH0 0TBOpenHo MHOXkecTBo U C X o3mauasame ¢ CL¥(U) knachT ot Berukn Gateaux
mudupenimpyemu ¢pynknun f U — R, rakuBa ue Vf : U — X* e a-Holder nenpexbcHaro B
U, 1.c. 3a HakakBa koHcTaHTa L > 0,

IVF(x) - VSOl < Lix - ylI*, Vx,yeU.

Hexa (Z, || ||) e 0anaxoBo MpOCTPAHCTRO, YUATO HOPMA ITI¢ 03HaYaraMe Chiro ¢ ||-||. Heka S
e uzobpascenue or A C Z B X. Axo He € KazaHo JApyro, o uz00padicenue pazoupame MHO203-
HauHo u300paxcenue. 3a ja mMopdepTacM MHOTO3HAUYHOCTTA TtHineM S Z =3 X, Oopamuomo
uzobpaxcenue S™' : X =2 Z na S ce nepunnpa xaro 1 € S 1(x) &= x € S(). Ipaguxama,
oometinem u 00pazem Ha S ce JSPUHUPAT CHOTBETHO KATO

gph$S = {(Lx) | x€ S}, domS :={1|SW) %o}, rgeS :=domS.
Bcesiko npouseenenue X X Z na 6anaxoru npocrpancrea X u Z pasriekaMe ChC CypeMyM
nopmara [|(x, 2)|| := max{l|x[], ||z/l}.
Ipeanosoxenns

Hexka {f(-, 1) : X = R, A € A} e damumus ot GpyHkuu, napamerpusupana or 1 € A C Z.
Tepcum jfocTarsuHy yeloBus 32 Aubin HENPEKHCHATOCT HA PENICHUTA HA MapaMeTpU3HPaHa-
Ta CHCTEMa OT MHHHMHU3AITMOHHHU 33/1a9U ¢ OTPaHHYCHUA:

PQ) inf f(x, ),
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KbJeT0 K © aJicHO HENpa3Ho 3aTBOPEHO MHOKECTRBO B X.
3a 1€ A, (BB3MOKHO MIPA3HOTO) MHOXKECTBO OT PEIICHUS HA MHUHHMH3AIIMOHHATA 3a/1a4a
P(1) o3nauapame ¢

SQ1) = {x €K : f(%, 1) = inf £(x, ,1)},
xeK
a HelHaTa ONTHMAJIHA CTOMHOCT C

m(d) = ;iclellt;f(x’ A).

Hobpe uspecTHO €, 4e JOpPH 3a Tiajka mapaMerpusupana 3agada P(1) pemenuero S
A =3 X moxe na ue Opje aunmmnoso. Hanpumep, 3a f(x, 1) = %x“ — Ax, xpuero X, A € R
u K = [-1,1] smxname, ue 3a A € (-1, 1) pemennero ¢ S(A) = {\3/1} M Y¢ HE ¢ JUIIIIMIIOBO
nenpekbcHaro B A = O (Bonnans u Shapiro [22, Example 4.31]).

CremoBarento, 3a Jia YCTAHOBHM JIMIIIMITOBO MOBEJCHUE HA S Ce HYXJaeM OT HEIo Mo-
BEYE OT CTAHAPTHHUTE MPEMOIMKEHHA. 3a 1ienTa ananmuzupame P(A).

Hepunumus 3.1.1. Heka X u Z ca danaxosu npoctpanctsa. Hexka U < X, V € Z ca Henpasuu.
Osnauasame ¢ L4°(U; V), @, € [0, 1] x1aca 0T BCHIKH ¢byuxiuu g UX U XV — R, Takupa
Je CHINECTBYBA KOHCTaHTa k, > 0, Takaa ue 3a Bcwuku X, X’ € U m Bewuku A4, A" €'V,

180, &, A) = g(x, X, V)| < Kgllx — xX/|1*14 = |

Toma, uec g € 21’1(U ; V) o3mauama, ue g(x,x’,-) ¢ nunmmrosa B V u HelHara Hai-100pa
murmmrTosa kouctanta L(x, x7) yunosmerBopsisa L(x,x") < k||x — X'|| 3a HAKOSI TONOXKHTEITHA
KOHCTaHTa k v Bcwukh X, X' € U.

C nmapamerpusupanara Gamunus ot ¢pyuaknuu {f(-, 1), A € A} morar ja Objaar aconuupaHu
JBe QyHKIMOHATHY paznuku: QynkmusaTa f1 @ X X X X A — R, nedunupana karo

fl(-x’ -x/’ /1) = f(x’ /1) - f(-x/’ /1)
u hyakmuara fr 0 A X A X X — R, nedunupana xaro

LA, 0 = [, = flx, ).

JBere QyHKITHOHAIHN Pa3/IMKKA ¢4 CBBP3aHH MOCPSICTBOM CIICAHOTO!
Tebpaenne 3.1.2. 3a scexu U € X, V C Z pynknuara f; € L¥9(U; V) torara u camo Torapa,
xoraro f>» € L4V, U).

Beue moxeM jla mpejCcTaBuM JOCTATHYHOTO YCIOBHE 32 Aubin HENPEKBCHATOCT HA peIlie-
HUETO.

3a fajena Touka (1, %) € gph S, pasmiex/ame T0KaaHOTO npeanoxokenie (A) B (1, X):
chInecTByBar oxonocti U Ha X u V Ha A, Taknpa ue
I. SNU=+=@3apcuukn A € ANV,
(A) U CBINCCTBYBAT KOHCTAHTH ¢ > 0 u « € [0, 1] Takura, ue
2. f,A) = m) +cd™ (X, SQ)), YAX € ANV, Yxe SN U;
3. fie 2 (KANYV).
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Ot Teopacame 3.1.2 ¢ scmo, 4e mnpeamoaokcHue (A3) Moxe Ja CC 3aMCHH C
fre YA NV;K).

[Japame HIKOIKO TpUMepa Ha napamerpusupand Ghavuiauu ot Gyakmun {f(-, 1), 1 € A}, 3a
kouTo (A) € B cuia.

JIMNIATOR THI HENMPEKHCHATOCT HA H300paKeHHeTO pPelleHne

Hokazsame, ue 3a gajaeno (4, X) € gph S, npeamonoxenuero (A) € JOCTaTbYHO Ja OCHTYPH
Aubin HENPEKHCHATOCT HA W300pPAKEHUETO pericHne S 0K0JI0 (4, X).

Teupraenue 3.1.4. [la npeanonoxum, ue X u Z ca DaHAXOBU MPOCTPAHCTBA U Ja PA3IIISIaMe
(hamms 0T MUHUMH3AIIMOHHE 33/1a4u ¢ orpanuucHus P(1) napamerpusupanac A € A C Z,
Axko 3a Hakoe (A, X) € gph S upeanonoxkenuero (A) € B cuia, T0

k
SDNUS@) < LA-pl. YAdueAnV
¥ ciejoparenHo S ¢ Aubin menpexscnaro oxono (1,%) € gph S.

IIpumepu u caencrBus

[IepeUAT HpUMEpP € 33 HErI/IKA MapaMeTPH3UpaHa MUHUMHU3AMMOHHA 331494 ¢ JTUIITIHII0-
BO M300paKCHHE PEIICHHE ¢ HCOIPAHMUYCHH CTOWHOCTH, KOSTO monaja B oOxeara Ha TBBp/Ic-
nue 3.1.4.

Mpumep 3.1.5. Heka K =R u
S, x2, D = x1 —x2— A,

X1, X2, A € R. 3a napamerpusupanara GamMuins 0T MUHHMH3AITUOHHH 33,1394 03 OrpaHUYCHUS
B paBHUHATA

P(D) inf f(x1, xp, A).

X1,X2

n300paxenueTo pemenue S @ A = S(A) e ¢ HeOrpaHHYCHH CTOHHOCTH U € JIMIIIHUITOBO HETpe-
KBCHATO.

CaeapammysT IpUMEp MO0KA3BA, Y¢ H3ydaBaHEToO Ha 0000meHOTO yparHenue Ha Euler Mmoxe
MOHSKOTA Jja Ob/ie HeaJeKBaTHO 3a MOMy4aBaHeTo Ha Aubin HEMPEKHCHATOCT HA U300PAKCHH-
ero pernieHue. ToBa ce ABDKH HA (hakTa, Y€ MHOXKECTBOTO OT CTAITHOHAPHH TOYKH MOXKE Jid
6’5,[[6 TO-Tr0JIAMO OT MHOXKCCTBOTO OT MUHUMYMHU.

Mpumep 3.1.6. Heka K = R> u

Fx1,x2, D) 1= (x1 + Axg — D + Axg + 172,
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X1, X2, A € R. 3a napamerpusupanara GamMuins 0T MUHHMH3AITHOHHH 33,1394 03 OrpaHUYCHUS
B paBHUHATA

P Inf f(x1,%2, ).

B TO4Kata 1 = 1 MHOXECTBOTO OT permennst S(A) ¢ TO-MaaKO OT MHOXECTBOTO OT CTaIHO-
napraute Toukn S1(1) = {x € R? : 0 € V,f(x, 1)}. Hemo noseue, nzobpaxennero S ¢ Aubin
HEHPEKBCHATO OKOJIO BCAKA TOYKA OT rpadukara cu J0Karo St He ¢ Aubin HEIPEKBCHATO OKOJIO
toukara (1,%) € gph Sz, keaero 1= 1 u ¥ = (0,0).

Hemocpeacteeno ot Teepacuuce 3.1.4 momydarame

Caencreue 3.1.7. Heka 3a mapaMeTpusupanara CHCTEMa OT MHHHMH3AITMOHHN 3a7a4uu P(1) ¢
B CHIIa CIICJIHOTO MPEATIONOKEHHE

3a BCAko A € A, Beako x € K, u Hskoe ¢ > ()
.S # @;

2. f(x, ) = m() + cd*(x, S );

3. feCM(X x2).

(A)

Toraea uzobpaxenueTo pemeaue S : A = X ¢ JIUIIIHIIOBO HEMPEKBCHATO B A.

Wznomszsame Crepcteue 3.1.7, 3a 1a MOTyYMM CHINECTBYBAHE W JIMMIIIHIOBA HETIPEKHCHA-
TOCT Ha PEIICHUETO Ha JIMHEHHO NepTypOupaHa ONTHMHU3AIMOHHA 33/1a4a, KaTo TpenoaaraMme
MaJIKo 110-citada eepcus (Bwk (3.2) mo-70/1y) HA PABHOMEPHOTO YCJIOBHE 33 PBCTA OT BTOPH
pen (Definition 5.19 B Bonnans u Shapiro [22]) u C"! namuu. ITo To3u Haumn pasimmpsBaMe
Bonnans u Shapiro [22, Theorem 5.17] (eux cvuo Bonnans u Shapiro [22, Remark 5.19]),
KBJETO ce mpeamonarar C? JaHmm.

Ha npunomunm, ue 6anaxoeoto upocrpancteo X uma ceoticmeomo Radon—Nikodym (RNP)
aKo 3a BCSAKO OrpaHuYeHo MHOKecTBO C M BCAKO € > (), chinecTByBa x € C, KOCTO HE NpUHA[-
JCKU HA 3aTBOpeHaTa u3nbkHana ooepueka Ha C \ {x + ¢B°}. Bcuuku GaHaxoBH IPOCTPAHCTRA,
KOUTO MMaT cerapabesHo JyaimHo W BCHIKH peduiekcuBaH TpocTpancTBa umar RNP. B Diestel
u Uhl [59, p. 157] uma AbaBr CHUCHK OT SKBHBANCHTHE jehunuiuu Ha RNP,

Caencreue 3.1.8. Heka Oanaxororo npocrpancteo X uma ceoiicteoro Radon—Nikodym. Pas-
CACKIAMe napaMeTpusupana GaMuiins 0T MUHHMH3AMHOHHN 3a/a4uu P(1), KbJCTO mapamMeTpu-
3uparioro npoctpancteo ¢ X* u f: X X X* — R ¢ aedunupana karo f(x, 1) := f(x) + {1, x).
Mpeamonarame, ye¢ MHOKECTBOTO K, 33/1aBaI0 OTPAHUYCHUATA € 3aTBOPEHO U H3IIBKHAJIO,
f e CHLY(X) u S(0) e HenpasHo.
Ha momycHem, de chimecTByBar okomHOCT V Ha Hadamoto O Ha X* w xomcranTta ¢ > 0,
TaKUBa 4¢ 3a BCuuku A € V u Bcuuku x; € S (1) caeapa, ue

(3.2) F, D> fO, D+cllx—xl, YxeKkK.

Torara crmectByBa oxomaocT W Ha Hawamoto () B X*, Takara e S(1) ¢ CAHO3HAYHO U JTHII-
HIUII0BO HENPEKBCHATO B W,
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3.1.2 IlapaMerpu3upaHa MHHMMAKCHA 3aja4a

B to3u moamaparpad u3yuaBame IMOBEACHHETO HA M300PAKEHUETO PEIICHHE HA IIapaMeT-
puzupana GaMuIHsg OT MEHUMAKCHH 3a/a4H.

IIpeneapure/iHu CBeeHHA U (POPMYIHPOBKA HA 3a/a4aTa

Hexa X u Y ca Oanaxoeu npoctpanctea u ueka {f(-,, ) : XXY — R, A € A} ¢ hamunus ot
¢byHkmu geuHEpany B npoussecHneTo X X Y, napamerpusupana ¢ A € A C Z. Pazrnexaame
napamerpuzupanara GaMuiIus 0T MUHHMAKCHHU 38,1394
M) inf sup f(x,y, ),

xeK yelL
KB/JIETO OTPAaHWYCHHATA ca HETpa3HU 3arBopeHu MHOXxkectBa K C X m L C Y. O3nagaBame
onrumannara ¢croaoct Ha M(A) ¢ m(A) u (BB3MOXKHO HPA3HOTO) MHOKECTBO OT CCIIOBH
toukd Ha f(-,-,A) B K X L ¢ S, nageno B (3.1).

3a muOKkecTBO C C X X Y osHauaBame ¢ 7xC u myC kanonuynume npoexyuu ua C BBPXY
npocrpancteara X u Y cworeerno. [lo-rouno, x € nxC xoraro ChINECTBYRAa HAKOC V € Y,
TakoBa 4e (x,y) € C my € myC ¥0oraro CHIIECCTRYBA HAKOE X € X, Takora ue (x,y) € C.

Jobpe u3BecTHO €, Ye MHMKECTBOTO OT CEIJIOBHIHHM TOYKH ¢ MHOKCCTBO IPOU3BCICHHE,
T.C.

S(/D = ﬂxs(/l) X ﬂyS(/l).

C mapamerpuzupanara ¢avumus ot ¢yHkun {f(-,-, 1), A € A} 0 ecTecTBEH HA4YWH ce
aconuupar Tpu QYHKIUOHATHH PA3THKH:

fl(x’x/9/1’y) = f(x9y’/1)_f(x/’y’/l)’
TZ(y’y/’/L -x) = f(-x’y’/l) - f(.X,y/, /1)9
f3(/1’ /1/’ x’y) = f(-x’y’/l) - f(X,y, /1/)

Mo ananorus ¢ dedununus 3.1.1 mumew f; € Q;ﬁ (U; V) xoraro QpyHKIHATES fly (x,x', ) =
fi(x,x’, 4,y) ca Taxusa, ue 3a Besio y € W, f] € LP(U; V) u sup,cw k¢ kpaen. [onarave
ki, 1= Supyew kfiy'

JlecHu mpecMATaHWA KAaTO TE3W HANPABCHH B JOKA3aTCICTBOTO Ha TeBpachue 3.1.2 mo-
Ka3par, ue f| € Q%ﬁ (U; V) touno xoraro f3 € Qﬁ’,&(V; Uyunuefp € Q‘éﬁ (W, V) Touno koraro
f € LNV W).

Hexka (1, %,5) € gph S. 3agapame ciieaoTo okamno npemmosoxenie (A) B (1, X,7):

chimecTyBar oxonuoctH U HaX, W Ha J, u V Ha A, TakuBa ue
1. SWON[UxW]+o@3ascako A€ ANV,

U CHINCCTBYBAT KoHCTAHTH ¢ > 0 u o € [0, 1] Takura, uc

(A) 2. f(x,y, A)=m)+ed T (x, axS(A)),

Sy, )<m(2)—cd" (v, iy S(A)),

YL, A e ANV, Y(x,y) € S()N[U X W], V(X)) e S,

3.f et (KsANV)uf e (LANY).
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ScHo e, e ycnoruero (A3) Moke ja ObJC 3aMEHEHO €

fre G ANVIK)NERE (ANV;L).

INokazeamMe CHCTOATSIIHOCTTA HA HAIATA OCHOBHA XHUIIOTE3a KATO JIABAME HAKOU IPUMEPH
Ha napameTpusupanu Gavuaun ot Gyuknuu {f(-,-, ), A € A}, 3a xouro (A) e B cuia.

JIMnmumoR THII HEMPEKbCHATOCT HA nsoﬁpamennem CeJIoBa TOUYKA

Ty nokaseame, ge npeamonokenuero (A) e gocrarsuno 3a Aubin HENPEKHCHATOCT HA
H300paXeHueTo ceamoBa Touka S. [la oTOeneknuM, e TO3H pe3yaTar He MOKe Ja Obje momny-
ueH (MM OHE HE 110 OYCBHJICH HAYHH) OT Ciiydas Ha MuHuMmm3anus. Hauctuna, ako f(x,y, A)
YAOBICTBOPsIBA NIpEANonoKkeHueTo (A), 10 gpyrxumsara f(x, A) = supye; f(x,y, 1) ynosnerso-
psBa npeanonokenueTo (A2), no (A3) 3a f(x, 1) He Moxke ga OB momydeHo ot (A3) Thil kaTo
Pa3IMKUTE OT CYNPEMyMH HE CE TI0/I[aBaT Ha peoOpasyBaHe.

Teopema 3.1.10. [a npeanonokum, 4e 3a mapaMeTpu3upanara GamMuins 0T MHUHUMAKCHH 3a-
npaan M(A) npeanonokenuero (A) ¢ B cuna 3a mskoe (4, X,y) € gphS. Torasa 3a BCHYKH
Lue ANV

2k
(S NIU X W], S@) < — I = pll

KBJETO Kk 1= max{ks,, k;,} W ciepoBare’aHo H300paxkeHHETO cemnoa Touka S : A 3 X XY e
Aubin uenpexnscuaro okoiio (4,X,y) € gphS.

Karo HEOOCPCACTBCHO CICACTBUC IMOJIYyYaBaMeC

Caencreue 3.1.11. Heka 3a napamerpusupanara paMmuins 0T MUHUMAKCHH 3aj1a4u M (1) cnepn-
HOTO MPEATONOKEHHE € B CHIIA!
1. 82 # @ 3aBeako A € A,
2. 3a HAKoA KoHCTaHTa ¢ > O H Bewuku A€A, (x, y)ES(), (x',y)eKXL :
(A) F&3, 0 2 m) + ed (¥, ixS(A),
f@y, ) < m) = ed o, 7y S());
3. feChlXxYx2Z).

Torapa uzobpakennero ceanoBa Touka S @ A — X X Y ¢ ¢/HO3HAYHO U JTHUIIIHUIIOBO HENpe-
KBCHATO.

3.2 Kpurepuii Ha Aubin 32 MeTpUYeCcKa peryasipHOCT

B To3u maparpad mscieapame METpHUYEeCKa PEryIspHOCT HA MHOTO3HAYHH H300paKCHHUSL.
JokazpaMe KpUTEpUH, U3MOA3BAIL IIPOU3BOJIHU 32 METPUUECKA PETYASPHOCT HA MHOI'O3HAYHO
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n3o0pakeHue, Koirro ¢ Oaszupan Ha paboru Ha J.-P. Aubin u neroeu cparropu. [losydasame u
CBBp3aHA C HETO TEOpEeMa 3a HESBHOTO H300PAKCHUE W HKOIKO MTPUIIOKCHHS.

PaGorum B Ganaxorsu npocrpanctia (X, |- ||) u (Y, - ||). OxoaHOCT Ha TOYKA X € OTBOPCHO
MHOXKECTBO, KOCTO CBIBPKA X. Pa3cTOSHHETO OT TOYKA X JO MHOKECTBO A C€ O3Ha4YaBa C
d(x,A). Tlon wzodpakenue F or X B ¥ 00MKHOBEHO paz0upamMe MHOTOZHAYHO H300pKEHUE U
mumiem F : X =3 Y, xaro jaeuuupaMe Herosoto obparso mzobpaxenne F~' xaro F~l(y) =
{x | ¥y € F(x)} u nerosara rpaduka xaro gph F' = {(x,y) | y € F(x)}. Koraro F ¢ ¢1H03HAYHO
n3o0paxenue (Gpynkmus) mumem F : X — V.

Nzobpaxenue F : X 3 Y ce Hapuya mMempuuecku pe2yiaprHo B X 3ay ako (X,9) € gph F u
CBITICCTBYBAT KOHCTaHTA k > O u oxkomuoctd U Ha X w V HA ¥ Takupa, U

(3.3) d(x, F71(y)) < kd(y, F(x)) 3a Bomuxu (x,y) € U X V.

MeTpuueckara peryasipHOCT MOXE JIa €€ OTHKICCTBH C KPAWHOCT HA MOOYIAAd HA Pecyasp-
Hocm, eUHUPAH KaTO

reg F'(x|y) = inf{ « | cemecrryrar okonnoctu U u V, Takuea ue (3.3) ¢ B cuial.

Jlumcara Ha MeTpUYCCKa PETYISPHOCT CC O3HaUara ¢ reg F(X|y) = oo,

Konmemnusara 3a METpHYIESCKa PETYISIPHOCT MOKE J1a CC MPOCICAN 0 HIKOM KIACHUCCKH
pesynraru Ha Banach, Lyusternik u Graves. Hanocneapk 0¢ npusHara rieHTpatHara i poiis BbB
BAPUAINMOHHKS aHAIH3 KAKTO 34 TCOPSTHIHUTE pa3padOTKH, KaTO HAMPUMED MOIYUaBAHETO HA
HEOOXOMMH YCIOBHS 3a OMTHMATHOCT, TAKa W 38 YUCJICHO HACOUYCHUTE M3CIICBAHMUS, HAPH-
Mep 32 HAMHPAHETO HAa TPAHWITM HA TPEIKHTE 32 TPUOMMKECHH pereHus. JJUCKYCHH BBPXY
CBOMCTBOTO METPHUCCKA PETY/SIPHOCT, HETOBATA BPH3KA ¢ APYTH CBOWCTBA M XapaKTCPU3AIMH
upe3 paznununn npudmmkenns uma B Rockafellar u Wets [152] u loffe [90].

3a paneno uzobpaxkenue F . X 33 Y, epaguunama (Konmunzenmua ) npoussooua va F B
(x,y) € gph F ¢ uzobpakenuero DF(x|y) : X =3 Y, 4usato rpaduka ¢ TAHICHITUAIHUAT KOHYC

Topn p(x,y) X6M gph F B (X, y):
v € DF(x|[y)u) < (u,v) € Typp p(X, ).

Ja HanoMHUM, 4¢ TAHTCHIHAIHUAT KOHYC c¢ Jehuuupa taka: (u,v) € Topn (X, ¥) xoraro cw-
meCTByBaT peaunu t, | 0, u, = uu v, — v, TakuBa 4e y + t,v, € F(X + t,14,) 32 BCAKO .

Nzobpaxkenunero DF(x|y) € NOAOKUATSIHO XOMOI'CHHO (T.C. TAKOBA, YUATO rpaduka ¢ Ko-
uyc). [o-touno umame DF(x|y)(0) 3 0 u DF(x|y)Au) = ADF(x|y)(u) 3a Besiko u € X u 3a
Besko A > 0. Kousexcupuyupanama zpaguuna npouséoona D**F(x|y) ma F B x 3a y ce
JeduHrpa 10 mo00CH HAYMH,

ve D™ F(x|y)(u) & (u,v) € co Tep p(X,¥),

KBJACTO CO O3Ha4YaBa 3aTBOPCHATA U3ITHKHAIA 00OBHUBKA.
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3a npOU3BOIHO MOJIOKHTEIHO XOMOTeHHO H300pakenue H : X 3 Y gpmpeuHama u 8vH-
wxama Hopma (Bux Rockafellar u Wets [152, Section 9D]) ce aedunupar karo:

IHI” =sup inf [l = |IH|[" =sup sup |yl
xeB YEH(X) xeB yeH(x)

Tpsibra na ce orOenexwu, ye uuTo ||H||", Huro ||H||* y1oBISTROPSIBAT YCIOBUATA B JCHUHHITUATA
Ha MCTHHCKA (DYHKIHMs HOpMa. BBHIMHATA M BBHTPEIIHATA HOPMA Ca CBBP3aHH HOCPESICTBOM
CTperHaTé U300paKeHH. 3a TOIOKHTEIHO XOMOTeHHO m3o0paxenue F : X = Y zopromo
cnpeznamo uzobpaxcenue F** . Y =3 X* ce aedunupa karo

O, x") € gph F*" — (x*,x) < (y*,y) 3a Bcako (x,y) € gph F,
a 0onHomo cnpezHamo uzoopasicenue F*~ . Y* =3 X* karo
O, x") e gph F*'™ — (x*,x) > (", y) 3a Besiko (x,y) € gph F,

KkpaeTo X* u Y* ca cnpernarute npoctpanctea Ha X u Y. Borwein jokasea B [23] crneqnara
penanus Ha JyaqHOCT MEXKIY BHHITHATA W BHTpEITHATA HOpMa Ha CYOIMHEHHO M300pasKeHHE
F (r.e. Takopa, unsato rpaduka ¢ H3MBKHAI KOHYC) ChC 3aTBOPCHA rpaduka:

IFIT = 1IF 1™ = 1F717 m |FI = 1F = 1F

Ha nanomuum, e uzobpaxenne F : X =3 Y uma jiokajno 3arsopeHa rpaduka B (X, V) koraro
gph F' N (B[X,r] X B[, r]) e 3aTBOpeHO MHOXECTBO 3a HAKOE ¥ > (.

LlenTpamHuaT pe3yarar B To3u Haparpad e ciegHara

Teopema 3.2.1 (kpurepuii Ha Aubin). Heka X u Y ca OanaxoBu mpocTpaHncTBa, a u300paxe-
muero F: X 33 Y e ¢ nokanno 3areopena rpaduka B (X, 5) € gph F. Torara

(3.4) reg F(X[y) < limsup |[DF(x[y)~'||
e

U CIEA0BATe/HO F' ¢ MeTPHYECKHU PEryJHpHO B X 3a ¥ IPH YCIIOBHE, Y€

(3.5) limsup |IDF (x]y)™'|I” < eo.
e

Axo X ¢ kpaiinomepHo, 10 (3.4) cTaBa paBEHCTRO, T.C.

e . —1,-
(3.6) reg F(X[y) = limsup |DF(x[y)""||

)

(xy)egph F
W CIeJ0BaTelHo F' ¢ MEeTpHIESCKH PEry/sipHO B X 3a § ToraBa M camo Torapa, koraro (3.5) ¢ B

cuna. Hemo nosede, koraro u aAere npocrpancTea X U Y ca KpalHOMEPHU UMaMe

(3.7) reg F(X|y) = limsup [D**F(x|y)™"|".
ey
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Teopema 3.2.1 Moxe aa ce pa3riek/a Karo 4acTu4HO pasmmpenue Ha Theorem 5.4.3 B
kuurara Ha Aubin u Frankowska [10], kpaero € n1ajeHO 1OCTATBYHO YCAOBHE 3a CBOHCTBOTO
na Aubin wa obparmoro m3obpaxenne F~'. Tpemmectsamm pesyararn uva B Aubin [3] u
Aubin u Frankowska [9]. BerpocHoTo yeimoBue B 001us ciiy4ait ¢ no-ciiado ot (3.5) Ho, KakTo
BIDK/IAME TYK, B KpaWHOMEpHO X B JIEUCTBUTEIHOCT € €KBUBAJICHTHO HA HETO. Jla MPUIIOMHUM,
ye uzo0paxkenue S : Y = X uma cgoticmeomo na Aubin B § 3a X xoraro (3,%) € gphS u
chiniecTByBar okoiHocTu V Ha ¥ u U Ha X, TakuBa 4de

(3.8) eSOYNUSO)) <klly—-Y| 3ascuuku y,y €V,

Kkb/1eTO €(A, B) = sup,.4 d(x, B) e excyecom ot A no B. M3BecTHO €, 4e cBOHCTBOTO Ha Aubin
3a m300pakenne S € eKBHBATEHTHO HA METPHUECKATA PETY/APHOCT HA HETOBOTO 06parHo S !
U ¢ 010 BeBeAeHO 0T Aubin B [5] mog uMeTo ncegdo aunuuy0ea Henpexscramocm. To e usy-
yasano B Aubin u Frankowska [9] B kpalinomepHus ciaydaii, noredue Oubamorpadcku aeraiim
uma B Rockafellar u Wets [152]. Hemo noeeue, unpuMymMbT Ha KOHCTAHTHTE K B (3.8) ¢ paBeH
HA reg Sz |9).

Parenctroto (3.7) e momydyeno Hackopo B Aubin, Bayen, Bonneuil u Saint-Pierre [7] ¢
JIOKA3aTeICTBO Oa3upaHo Ha TEOpUITa HA MPEXKHBACMOCTTA. HaJeHOTO TYK JOKA3aTeIICTBO
Ha (3.7) ¢ uncnupupano or jpokazarencreoro Ha Theorem 3.2.4 B Aubin [6], HanpaeeHo OT
Frankowska.

XapakrepuzanmusaTa Ha METpHICCKaTa perymsipHOCT B Teopema 3.2.1 1o0mIBa U B M3BCCTCH
CMHUCHII 3aBLPINBA PE3YIATATH, THPBOHAYATHO H3NIoKeHH oT J.-P. Aubin u nerosu crapropu. 1o
Ta3W MPUYHWHA HUE s HApUaame Kpumepuii Ha Aubin 3a Mempuuecka pe2yiapHOCH.

B mskakbB cMUCEHT TyaneH Ha kputepus Ha Aubin e mzecTHuAT kputepuii Ha Morduk-
hovich B kpaiina pasmepuoct (Buwx Mordukhovich [122] u Rockafellar u Wets [152]), koiiTo
u3non3ea konpouzgoonama D*F(x|y), nedunupana karo

veD'F(x|y)u) & (,—u) € Nypp, p(X, y),

KBJeTO Nc(X) € HEM3IWBKHAIHT TPaHWISH HOpPMAJIeH KOHYC KbM MHOXeCTBOTO C B x. Kpute-
pusit Ha Mordukhovich ka3ea, ue F ¢ Merpudecku peryisipao B X 3a y Torasa 4 CaMmo TOrapa,
KOTaTo
ID"F @I < o

Bbu Morno jga ce odakBa, 4ye BCEKHM OT TE3H KPUTCPHH OH MOTBJ jJa OBJe MOTy4eH JUPEKTHO
OT APYrusi ¥ HAUCTHHA TOBA ¢ Taka koraro mHoxecteoro gph F ¢ Clarke peryasipro (Bux
Rockafellar w Wets [152, 8.40 u 11.29]). B Ge3kpaiina pasMepHOCT XapaKTEpU3allMd HA MET-
pHYecKara perymsipHOCT 4pe3 KONPOW3BOJHM TPEANoNara HEmo MmoBede 3a NpOCTPAaHCTBATA,
HarpuMmep ja opaar acyspoeu (Bux Mordukhovich [123], Mordukhovich u Shao [125]).
Koraro npocrpancteoTo goMein X ¢ KpallHOMEPHO, a MPOCTPaHCTBOTO 00pa3 Y ¢ nmpouseoi-
HO 0aHaXOBO MPOCTPAHCTBO, HEOOXOAUMO U JIOCTATHUYHO YCIOBHE 33 METPHUECKA PEryASPHOCT
B TepMUHHTE Ha TpuOIMkena konpowsBogna Ha loffe e mageno B Jourani w Thibault [99].
[MocneanusT pesyiarar ¢ Hai-OM3bK OT AMTEpaTypara, H3BeCTHA Ha arTopa 10 Teopema 3.2.1.
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Kuurara na Klatte w Kummer [102] cbimio e g005p M3TOYHHK HA HHGOPMAITHS 38 KPUTCPUHTE
38 METPUIECKA PEryISPHOCT.

Ako F : X — Y ¢ orpanuueHo JMHEIHHO H300paxeHue, koero oznauasame ¢ F € L(X,Y),
TO KpuTepuaT Ha Aubin (3.6) e B cuia 3a OanaxoBu npoctpancTBa X W Y WM ce CBEX/Ia 0
reg F(X|9) = |F ‘1||’. ExeuBajnentHo, F' ¢ MeTpuyecku peryispHO (BBB BCSAKA TOYKA) TOraBa
U caMo TOraea, koraro F e cropexkTusHO. ToBa NOKpHBA KIACHYECKUAT Cllydail Ha IPHHIIMIIA
Ha OTBOPEHOTO H300pakenue Ha Banach. EkBuBameHTHOCT MEXKTy METpHIESCKA PETYISIPHOCT B
HAYaIo0To, KPaWHOCT Ha BHTPEIIHATA HOPMA W CIOPEKTHBHOCT € B CHJIA CHINO 38 H300paKCHHUS
JiericTBany B 0aHAXOBH MPOCTPAHCTBA, YHUTO TPadUKH ca 3aTBOPCHU W W3IMBKHAIH KOHYCH.

B noxnaparpad 3.2.2 napame gokazarencrso Ha Teopema 3.2.1 kaTo mbpBO 1MOIydaBamMe
YacTTa JOCTaThYHOCT HA KpUTepus Ha Aubin kato clejcTBHE OT MO-00Ima TeopeMa 3a He-
seHOTO M300paxkenue (Teopema 3.2.3), gokaszana B nojanaparpad 3.2.1, kosaro ce oTHACS J0
HM300paKeHUETO perieHne Ha 0000ITCHO ypapHECHHE (BKJIFOYBAHE) OT BHJIA

(3.9) 0 € G(p, x),

KBJICTO p ¢ napamersp. [Tokazeame, 4e ako YacTHIHATA rpaduyuHa MPOU3BO/IHA 110 OTHOIICHHE
Ha X Ha n300paxenuero (G ¢ orpanuyeHa B cMuCHIA Ha (3.5), To G uMa CBOMCTBOTO YacmuuHa
MEMpuy4ecKa pecyiipHocHl.

B ceppaanara crarus [110], Ledyaev u Zhu nmonydagar TeopeMa 3a HSIBHOTO H300paXKCHUE
3a 00IO BKIIOUBAHE OT BUjA (3.9) B TEPMUHUTE HA KOTIPOW3BOHU B OaHAXOBH POCTPAHCTBA
Karo npeanonarar, 4e te¢ umar Fréchet rnagku munimmnoeu kambanosuaau Qyakiun. Karo
OCTaBUM HACTpaHa TOBA, YC YCIOBUCTO C MPOU3BOAHY B Hamara Teopema 3.2.3 u yCIoBHETO C
korpouseoaau B Ledyaev u Zhu [110, Theorem 3.7] ca He3aBHCHMHE €/IHO OT JAPYIrO M HE MOIaT
Ja ObJiaT CpaBHEHH, HUE HajaraMme 1mo-ciiadu YCIOBHS BBPXy W300paxeHuero G U paboTHM B
NpOU3BOITHE OaHAXOBH TpocTpancTBa X u Y.

B noamaparpad 3.2.3 jgaBame npuioKkeHHs Ha KpuTepus Ha Aubin 3a cucTeMHu OT Hepa-
BCHCTBA ¥ 32 BapHAIMOHHU HEPABCHCTBA KAaTO MOAyYaBaME HOBA XapakTepU3amus HA CTPOra-
Ta PETYISPHOCT HA BAPHANMOHHH HEPABCHCTBA BHPXY MHOTOCTCHHH MHOXecTBa. CHINO Taka
HMPEACTARIME HOBO J[0Ka3are/icTBO Ha Teopemara (Ha Eckart-Young) 3a pajauyca Ha MeTpudec-
Ka peryasapHOCT, TbpBOHAYanHo Jokazana B Dontchev, Lewis u Rockafellar [62] ¢ momornTa Ha
kputepus Ha Mordukhovich. 3a ucrtopusra u ckopormuTe pazsutus mo temara, Bk Dontchev,
Lewis u Rockafellar [62], Dontchev u Rockafellar [66] u Dontchev u Lewis [61].

3.2.1 Teopema 3a HeIBHOTO M300paKeHHe
B to3u moamaparpad u3ydaBame BKIIOUBAHETO (00OOIIEHOTO YpaBHEHHUE)

0 € G(p, x),

kpjaero G PX X 33 Y, X u Y ca OanaxoBu npocrtpancTBa, P ¢ METPUYHO MPOCTPAHCTRO,
x € X e npoMeHIIUBATa, 110 KOATO perapame u p € P ¢ mapamersp. O3navaame ¢ S 1 P 3 X
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U306padNCcenIemo peueniie, KOETo acolMUpa Che CTORHOCT P MHOXKECTBOTO OT PEIlicHHUs
S(p):={xeX|G(p,x) >0}

[MokazBame, 4e JOKAITHATA OTPAHWYCHOCT HA YacTHYHATA TpaduuHa MPOU3BOIHA Ha H300paxe-
muero G 1o x, ot BUjaa nocoucH B (3.5) rueue merpuduecka peryasipaoct Ha . Yactuunara
rpaguana npoussoana D G(p, x|y) Ha G ce jepuHupa Karo rpapuanaTa mpou3BoIHa Ha H300-
paxenuero X — G(p, x) ¢ puKcupano p.

Teopema 3.2.3 (32 HesiBHOTO n300pa:kenne). Heka X u Y ca OaHaxoBH MPOCTPAHCTBA U HEKA
P ¢ merpuuno npocrpancteo. Pasriexknave uzobpaxenne G @ P X X 3 Y u touka (p, X,0) €
gph G, Takupa 4ye Tpadukara Ha G e JokamHO 3aTBOpeHa Omazo jo (P, X,0) u dyHkumaTa
p — d0,G(p, X)) e nonyHenpexbcHara oTrope B p. Torasa 3a BCCKH IOJIOKUTEICH CKajap C,
VIOBICTBOPSBAII]

limsup [ID;G(p, x») ™™ < ¢

(pxy)—(p.x.0)
(pxy)Egph G

CBINECTBYBAT OKOIHOCT V Ha p u okoanocT U Ha X, TakuBa 4ue

(3.10) d(x,S(p)) <cd0,G(p,x)) 3axclUmupeV

Penanusta (3.10), monyuena B Teopema 3.2.3 Moxke Jia ce pasriexkia Karo Mempuyecka
peaynapuocm na G no omuowenue nHa x B (P, X) 3a (. 3acaHO ¢ YacTHUHATA METPHUUCCKA
perymipaoct Ha G 10 X, MOXeM Ja JeuHIpaMe YacTHYHO CBOWCTBO Ha Aubin 3a G 10 p 10
ciaeaaus HaywH; Kazeame, ue G : P X X 33 Y uma ceoticmeomo Ha Aubin no omnouwerue Ha p
pasromepro no x B (p,X) 3a 0 ako 0 € G(p, ¥) u crImecTBYBaT KOHCTaHTA K > () 1 OKOJIHOCTH
Owua0, Qua pu U Ha X, Takupa uc

e(G(p,x)N O,G(p’,x)) <kp(p,p’)3ascuuxu p,p’ € Quxe U

Karo xomOunupame tasu jpepuaunus ¢ (3.10) noayuarame (pixk cpiro Ledyaev u Zhu [110,
Corollary 3.9])

Tebpaenue 3.2.5. Heka G : P X X =2 Y ¢ MCTPUUCCKH PETYIAPHO MO OTHOIICHUC X W MMa
CBOMCTBOTO HAa Aubin 0 OTHOIICHHE HA p paBHOMEPHO 1O X B (P, X) 3a 0. Torara uzobpaxe-
HHETO permeHne S uMa CBOWCTBOTO Ha Aubin B p 3a X.

3.2.2 Jloka3areJICTBO HAa KpuTepusi Ha Aubin

Tosu moamaparpad chrabpka JokazareiIcTBOTo Ha Teopema 3.2.1, B KOETO CBHITICCTBEHO CE
m3nmoasea Teopema 3.2.3.
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3.2.3 Ilpunoxenusi Ha KpuTepus Ha Aubin

Karo nbpro cuenuduyno npuiokeHue Ha KpuTepus Ha Aubin pasrnexaame 3agada 3a
CHBMECTHMOCT Ha CHCTEMA OT OTPaHWICHUS:

=0 3zai=1,...,r.
3.11 na ce namepu x € R” Takora, ue fi(x LT
(3.11) P > e i) <0 3zai=r+1,...,m,
kpaeto fi : R* - R, i=1,...,m. Tasu cucrema Moke j1a Ob/I¢ 3alIMCAHA U KATO BKIIIOYBAHETO

0 € F(x)3a F : R" 3 R", nageno karo
(3.12) F(x)=f(x)+K,

kpaet0 f = (fi,.... fay u K = {0} X R},

Hexa X ¢ pemenune Ha (3.11) u Heka [ ¢ crporo audepeniupyema B X (T.C.
lip(f — Vf(O))(x) = 0, xpaero Vf(X) € L(X,Y) ¢ crporara mpomspomHa, a lip f(¥) =
i 1) = £
s =

x#£x

O3nagaBame WHACKCHOTO MHOXKCCTBO HA AKTUBHUTC OIpaHUYCHUA HCPABCHCTBA B Xc

¢ aunmuuyosusam mooyn Ha f B X).

J={ie{r+1,...,m}]| fi(x) =0}
[Mokazsame, ue kKpuTepusT HA Aubin JUPEKTHO BOIY 0 CACTHUS J00PE U3BECTEH PE3y/ITAr:

Teopema 3.2.6. M3o0paxkenuero F or (3.12) e merpudecku peryasipuo B X 3a () Toraea u camo
TOrapa, KOraTo ¢ B cuiia ycnosuero na Mangasarian-Fromovitz: Bextopute Vfi(X), i=1,...,r
ca JMHEWHO HE3aBUCHMH U ChITIeCTBYBa W € R”, TakoBa 4e

Viw=0 zai=1,...,r,
V6w <0 zaiel.
Bropoto npuiokeHue ¢ 3a u300pakeHHe, OMKUCBAII0 BAPUAMOHHO HEPABCHCTBO

(3.13) (f(x),u—x) >0 3aBcaxo u € C,

kpaero f: R* — R" u C ¢ HenpasHo H3MBKHAJIO 3aTBOPESHO MHOMKECTBO R”, K0eTo ¢ MHOz0C-
meH. B TepMUHUTE HAa HOpPMaJIHUS KOHYC

{v|{v,u—x)<03apcako ucC} 3axecC,
%) B IIPOTHBEH ClIy4ail,

Ne(x) = {
MOXEM J1a 3aMUIIeM BAPHANMOHHOTO HepaseHCTRO (3.13) karo srmousaneto 0 € F(X), KbASTO
(3.14) F(x) = f(x) + Nc(x).

[peanonarame, ye X ¢ perienne Ha (3.13) u f e crporo gudepennupyema e X.
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Toraea Teopemara Ha Lyusternik-Graves (Bwx nampumep Aubin [5], Aubin u Frankow-
ska [9], Dontchev, Lewis u Rockafellar [62] u loffe [90]) no3roasipa ja OrpaHHYHAM HAIETO
BHUMAHHE JI0 THHEAPUZUPAHOTO U300paKEHHE

Fo(x) = f(%) + A(x — X) + Nc(x), xBaero A = Vf(X).

Hexa [v] e mognpocTpancTBo ¢ pasmMepHOCT eaHo (M Hyia 3a v = (), HOPOACHO OT BEKTOP
v e R" Te. [v] = {tv | T € R} u Heka [v]*
BbBENE Kpumuynusm kouyc K(x,v) := Te(x) N [v]* koM maoxkectBoto C B X € C 3a v € Ne(x),
rpadudHaTa npousBoaHa HA Fy ce u3passipa Karo

€ HCTOBOTO OPTOTOHATIHO AONBJIHCHHC. Karo ce

DFo(x|y)(u) = Au + Nk ().

3a Bceku koHyC K, MHOXKECCTBO OT BHA
_ 1 0
F=Kn[v]-3ansakoeve K",

xsaero KU e monspara ma K, ce mapuua cmpana na K. Haii-ronsmara oT CTpaHHTE € CaMoToO
K, moxaro maii-mMamkata ¢ MEHOXECTBOTO K N (—K), KOETO ¢ ¥ HA-TOAIMOTO TMOAMPOCTPAHCTRO,
chaspkaiio ce B K. BCeku MHOTOCTCHEH KOHYC UMa KpacH Opoil CTpaHH.

B Dontchev u Rockafellar [64, Theorem 1] e gokazano, 4e Merpudeckara peryisipHOCT
Ha uzodpaxenue F ot Bujga (3.14) ¢ MHOTOCTEHHO MHOKECTBO C BIICUE TTO-CHIIHO CBOWCTBO,
HAPEYCHO CTpora perymsipHocT. M3zobpakenue F : X =3 Y ce Hapuva cmpozo pecyiapHo B X 3a
¥ aK0 ¢ METPUYCCKH PEryIISIPHO TaM W B JIONBIHCHHE rpad)uyHATa JTOKATU3AIMS HA HETOBOTO
obparuo F ~1 okomo (@, X) e eqnosnaana. C apyru gymu, F € CTpOTO pEeTyasIpHO B X 3a Y KOTraTo
chinecTByBar okonHoctd U Ha X u V Ha V Takupa, ye u3o0paxenuero V o3y — F THnNUe
JMITITATIOBA (PYHKITHSL

Mpunarame kpurepus Ha Aubin, 3a Ja MOIYYUM HOBO HEOOXOUMO U JAOCTATHUHO YCIOBUE
3a CTPOTa PETYAAPHOCT HA BAPUAITMOHHN HCPABCHCTBA BHPXY MHOTOCTCHHU MHOMKCCTBA, KOCTO
Jonwiea kpurepus, gajaen B Dontchev u Rockafellar [64, Theorem 2]:

Teopema 3.2.7. M3o0paxenuero (3.14) e crporo pery/asipHo B X 3a ¥ TOrapa H caMo TOTaea,
KOraTo 3a BCekH M3060p Ha cTpanu Fi u Fy Ha xpuTHdHus konyc K kbM MHOkecTBOTO C B X
3aV =F — f(X), Takusa ue F1 O F3, ¢ U3IBIHCHO CACAHOTO YCIOBHUC:

VYveR' FueckF,—F, takosa, ue (v — Au) € (F1 — F2)’ nv—Au L u.

Tpeto mpunokenue Ha KpuTepus Ha Aubin € HOBO JOKa3aTEICTBO Ha TeopeMara 3a pajiv-
yca Ha METPHYECKA PEry/IspHOCT, IbpROHAYanHo jokazaHa ot Dontchev, Lewis u Rockafellar
B [62] ¢ kpurepus na Mordukhovich:

Teopema 3.2.8. Hexa X w Y ca kpaifHOMEpHHM JIHHECHHH HOPMHpAHHU TPOCTPAHCTBA M HEKA
F : X =3 Y uwma 3arBopena rpaduka nokamHo okono (X, y) € gph F. Torasa

1

inf G|| | F + G He e meTpudecku peryaapao 8 ¥ 3a vV + G(X)} = ————.
){II Il p perynsp ¥+ G} reg FGD)

GeL(X,Y
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Herrio noreye, uHQPUMYyMBT HE CE TIPOMEHS aKO €& B3EME 110 OTHOIICHUE HA JIMHCHHUTE H300-
paxenus G ¢ paur 1 U ocTaBa HEIMPOMEHEH CBINO Taka Koraro neprypdaruure (G ca JIOKAITHO
JHIIIHUIIOBH HENPEKbCHATH (QyHKITHK KaTo ||| ce 3amenu ¢ aunmminoeusT Moy lip G(X) Ha
GBX.

[Ha otbGenexum, ye BBB BTOpOTO M3jaHue Ha kaurara Ha Dontchev w Rockafellar Implicit
functions and solution mappings ot 2014 r. karo gokazarencTeo Ha To3u pesyarar (Theorem
6A.7 TaM) € MPHBEACHO JI0KA3aTENCTBOTO ¢ KpuTepus Ha Aubin or crarusra wa Dontchev,
Quincampoix u Zlateva [63], a He IBPBOHAYAIHOTO MY JOKA3aTCICTBO OT crarusira Ha Dont-
chev, Lewis u Rockafellar [62].

3.3 Ilpunuun 3a gbjara opouta uiam npasna croiHoct (LOEV prin-
ciple), Teopemu 3a puKCcHpaHa TOYKA U 32 CIOPEKTUBHOCT

Jobpe M3BECTHO €, Ye CBHITNECTBYBAT OMM3KH OTHOIICHHS MEXIYy HTCPAHOHHHUTE CXCMH,
CBBP3aHM C JUCHIATHBHHA MEXAaHWIHU CUCTEMH, BapuanuonnusT npunnun na Ekeland, Teope-
MU 3a (UKCHpaHaTa TOYKA M TEOPEMH 3a oOparHara W HesiBHATA QYHKIHS OT BCAKAKBH BHJIOBC,
Bk Hanpumep Aubin u Ekeland [8].

B to3u naparpad uscieapaMe Te3u OTHOIICHUS B HOBA cBeTanHA. Q000maraiiku padorara
uHa Ivanov [92] (Bmwxk cwimo Fabian u Priess [72], Pendt [132, p.62]), nonyuarame rbBKaB
HOPUHIUI 33 Jabira opburta wiu npasHa croiHoct (LOEV principle), sux Teopema 3.3.2 u
Crnenctsue 3.3.3.

Uuraremar Moxe Ja 3a0elIeKH ONpeeicHO CXOJACTBO MEXK/Y YCIOBHSITA, HATOKCHH Ha
n3o0paxenuero S B LOEV npuHnuna u te3u B TeopeMara 3a ¢pukcupana touka Ha Caristi-
Kirk. Hauctuna 11 AecHO ciienpa ot Hero, ik Teopema 3.3.4.

OcTarsKbT OT TO3W Taparpad € MOCBETEH Ha PE3YNTaTH 33 CIOPEKTUBHOCT. Te ce morydasar
ot opurnHaiHata Teopema 3.3.8, KOATO MOXe /la C€ pa3mIekaa Karo HAKAKBB BHJ WHTEPIIO-
Janus MEeX Iy Kiaacudeckara treopema ua Graves u HeotgapHamaus pesyarar na Ekeland [69].
OceeH TOBA HHC HE mpeAnoaarame AuMEPCHIUPYSMOCT B OOWYAHHNS CMHCH/, @ BMECTO TO-
Ba M3M0JI3BAME 3a TieaTa 0000IeHHe HAa Taka HapeYCHATa KOHTWHICHTHA MPOM3BO/IHA, BHK
narnpumep Aubin u Frankowska [10].

Teopema 3.3.8 MoXe Jla ce pa3raekaa ChImo Taka Karo 0000menne Ha KpuTepus Ha Aubin
38 METPUYECKA PETYISPHOCT 32 SAHO3HAYHO N300paKeHHE.

3.3.1 IIpuHuun 3a gpara opouTa WM NPa3HA CTOHHOCT

Hagcsikwie B To3u naparpad ¢ (M, p) 03Ha4aBaMe UBIHO METPUYHO IMPOCTPAHCTRO.

Hepunumus 3.3.1. Hexka S : M = M e mMuoro3nauno uzobpaxkenue. Kaspame, ue S ynosner-
BOpsiBa YCIAOBHETO (*) ako X ¢ S(x), Vx € M, u koraro y € S(x) u lim, x, = X, CbIIECTRYBAT
0C3KpaiHO MHOTO X;,, TAKHBA 9€ Y € S (X,).
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Creaparmute pesynrard, Kouto cherapisiBar LOEV npunuma, nokazear 3amo uzodpaxe-
HUS1, VIOBJICTBOPSBAIIY (%) MOrar Ja ObJar moAe3HH.

Teopema 3.3.2 (LOEV npunnun). Heka S : M =3 M ynoenereopsiea (x) u Heka Xo € M ¢
npou3eoaHO. Torasa HOHE ¢AHO OT TBBP/CHUATA (a) 1 (b) 1M0-/10/y € BAPHO:
(a) CemiecreyBar x; € M, i=1,2,..., takuBa e X;11 € S(x)3ai=0,1,...u

[se)

Do, xis1) = o0;

i=0
(b) CemiecteyBa X € M, Takora 4e S(X) = @.

Caencreue 3.3.3. Heka S : M = M yaoeaeTropsea (+) u Heka xo € M u K > () ca mpousBoi-
nu. Torasa none CAHO OT ABCTC TBHLPACHUA MO-A01Y € BAPHO!:
(a) Cemiecteyrar x; € M, i =1,2,...,n+1, takuBa ue X;+1 € S(x;) 3ai=0,1,...,nu

n
Z,O(xi,xm) > K;
i=0
(b) CwimiectryBa X € M, Takora 4e p(xp, X) < K u S(X) = @.

3.3.2 Teopema 3a ¢puxcupanara touka Ha Caristi-Kirk
Karo mepBo npunoxkenne na LOEV npuaImuma moxassaMme criegHara

Teopema 3.3.4 (3a purcupanara touka na Caristi [42] u Kirk [100]). Heka (M, p) ¢ ubiano
MeTpuaHO TpocTpancTBo. Hexka 7' : M =3 M e TaxoBa, ue T(x) # @ 3a Beako x € M. Heka
oceeH ToBa ¢yukiusata f : M — [0, c0) ¢ monyHenpekbcHara otnony. Ja jgonycHem, de 3a
BCAKO X € M cpmecTByBa v € T'(X), TakoBa 4uc

px,y) < f(0) - fO).
Torara T uma (uKCHpaHa TOYKA, T.€. CHINECTRYBA X Takora, ue X € T(X).

Cxema Ha 1oKa3zarejcTBoTo. Jonyckame, ye X ¢ T(x) 3a Besiko x € M. [ledunupame 3a x € M
S =y eM: fO) < f(x)-27"p(x,y)}

W TIpoBepsiBame, ue (*) e B cuia 3a S. [lpunarame LOEV npunmuma, 3a fa MOIyYUM TIPOTHBO-
peune. ]

3.3.3 Teopemu 32 CHOPeKTHBHOCT

Nznomzsame LOEV npuHIuma 3a a AOKaKEM CIEBAIUTE JIBE JEMH, KOUTO MOTAT Ja ce
PasTICK AT KaTo KomumuecTBeHa Bepeus Ha Teopema 3.3.4. [lo-kwCHO TpumaramMe TE3U pe3yi-
TaTu, 3a JIa MOIyYHM Pa3IudHH PE3yJITaTh 3a CIOPEKTHBHOCT Ha (DYHKITHH.

Mo-nararek B uznoxenneto (X, ||-|) u (Y, - ||) ca 6anaxopu npocrpancrea. U ¢ OKOIHOCT
Ha Touka Xo € X aKko xg + €By € U 3a makoe € > 0, t.e. xg € intU.
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Jlema 3.3.5. Heka «,8,y > 0. Heka f : X — Y ¢ nenpexncuara B SBy dynkius, Takapa 4e
f(0)=0.

Ha mpeanosioxum, 4e 3a Besiko y € Y TakoBa, 4e ||y|| < @ u Bcako x € X Takosa, ue ||x|| < 5
u f(x) #y, cemecteyBaz € X ¢ ||z]| < S um

1/ @) =yl < 1S X)) = ¥l = yllz = xlI.

Torara 3a BcsAko ¥ € Y yaoeaeTBopspamio |[¥|| < min{a, By} ceimectByBa X € X Takopa, 4uc
JX)=ym

e < 2
Y

[Ja nanomunm, ue pynkims f @ X — Y e mempuuecku pecynspha B X € X ako CBHINECTBYBa
kx> 0 3aeaH0 ¢ oxomHOCTH U 2 X M V 2 f(X), Takupa 4ye

dx, f710) < kd(, f(x)), ¥xe U, ¥yeV,

Bk Dontchev u Rockafellar [67, ctp. 253 (2)]. UHpuMYMBT Ha K 110 BCHYKH TaKUBA KOMOMHA-
uu ot k, U u V ce napuua Mmooy na peeyiasaprocm 3a f B X 3a f(X) u ce o3nauasa ¢ reg(f; X).
Jluricara Ha METPUYECKA PETYASPHOCT ¢e Oenexu ¢ reg(f; X)=co.

Ja npunoMHNM, Ye METPHYECKATa PETYISPHOCT € CKBUBAIICHTHA HA OTBOPEHOCT C THHEHHA
ckopoct, euxk Dontchev u Rockafellar [67, ctp. 254 (5)].

Jlema 3.3.6. Heka ca B cuma npeqnonokenusTa Ha Jlema 3.3.5. Torasa chInecTByBa OKOTHOCT
U308 X wuokomaoct V 2 0B Y, Takusa ue 3a Beaxo X' € U v Besiko ¥ € V ¢hinecTByBa X € X,
Takopa 4e f(X¥) =9 u

Ix" = Xl <

1/ =3l
—

ToBa o3Hauasa, ue f ¢ Merprdcckn perymipao B 0 ¢ reg(f;0) <y~ L.

Hpem/l Jda TPpOABLIKUM HATATHK HCKA NPUIIOMHUM OHIC HAKOU MOHATHA.

Muorosnauno uzodpaxenue H : X =3 Y ¢ nonoxcumento XomozeHHoO ako Heropara rpaduka
gphH = {(x,y) € XX Y : ye€ Hx)} c xonuyc, .c. y € H(x) < 1ty € H(tx) 3a Bcsaxo ¢ > (.
Bvmpewnama nopma ua takoea H (ewx Dontchev u Rockafellar [67, cTp. 256]) ¢ ||H||” =

sup inf ||y|l. Obpamuomo uzobpaxcenue ua H ¢ NOJOKHUTEIHO XOMOI'CHHOTO H300paKCHUS
llxlj<1 YEHX)
H7':Y =2 X Taxosa, ue H~'(y) e MEHOXKECTBOTO OT pemieHus Ha y € H(x).

Oucpunno, axo ||H||~ < oo, To H ¢ CIOPCKTHRHO U H'e JehuHUpano HaeCikbae. Hero
i

noereue, axo |[H '||” <k, 1O

Vv e Y\ {0} Jue H' ) |lull < «lv].

I[To ecrectBen HaduH 0000IaBaMe MOHATHETO 33 KOHMUHZEHMEH KOHYC 3a Cllydast Ha e/I-
HO3HAYHO m3o0paxenue (T.e. gyukyus). Axo f : X — Y ¢ QyHKIHA, TO KOHMUHZEHMHAMA
npouzeoona (ewx Aubin u Ekeland [8])

df(x) . X=3Y
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Ha f B X ¢ KOHTHHIeHTHUAT KOHYC Ha gph f = {(x,y) : ¥y = f(X)} B (x, f(X)), Te. v € df (x)(n)
TOraBa M CaMo TOTaBa, KOraro ChINCCTBYBAT U, — U, Vv, = VU I, > 0 ¢ 1, — 0, Takupa 4e

f(x + tulty) = f(X) + V.

I'padukara na df(x) ¢ 3areopen konyc. Cienosareiano df(X) € MOIOKUTSITHO XOMOICHHO H300-
paxeHwue.

Hedunumus 3.3.7. Hexa X u Y ca banaxoeu npocrpanctea. Heka 6 > 0 u g > (. Pasrnexiame
clig/iHaTa eKBUBAJIEHTHA HOpMa B X X Y

1Cx, Wllg = OllxI| + [yl

Hpubnuxcenama KOHMuUH2ZEHMHA NPOU3BOOHA d’g f(x)Ha f B x ce nedmuupa Karo: v € d’af S(x)(u)
aKo cuImeCTBYRAr (i, v,) — (u,v) u t, > 0 ¢ t, — O Takupa, uc

distg ((X + tytty, f(X) + tyvn), gph f) < paty]lun]],
kbJeTo dist g 03Ha4aBa QyHKIHSITA PA3CTOSHUES CrpsiMo HOopMmara ||(+, )|l.

Sleno e, ue d, f > df. Ouesnuno, dyf = df 3a Bestko 6 > 0.

CreBalUAT Pe3yaTaT MOXKE Ja CE Pasmiexkaa Karo oIy aOCTPakTeH pesyaTar 3a Co-
pextusHOCT. [py6o Ka3aHO, TOW TBBP/H, Ye KO MPHOIMKCHATA KOHTHHICHTHA TIPOM3BOIHA ©
THHEHHO OTBOPEHA C PABHOMEPHA CKOPOCT B OKOIHOCT, Takasa ¢ M camara dynkmus. OT ToBa
JIECHO C/Ie/IBAT HAKOIKO H3BECTHH PE3ylTara, KOUTO ImpejAcTaBiMe B Kpas Ha maparpada.

Teopema 3.3.8. Heka X u Y ca Oanaxoeu npocrpanctea. Heka f : X — Y ¢ HenpekbcHara B
Xo + By 3a maxoe ¢ > 0. Ha npeanonoxum, ue 6 > 0, m u > 0, m > 0 ¢ mu < 1 ca Takupa, 4c
74 -1,- o
dy f(X)"II” <m, Vx€xy+eBy.

-1

Torapa 3a BCAKO K > M 32 C := K ' — g CIASABA, Y€ 3a BCAKO ¥ € Y Takoma, 4e ||y — f(xp)|| <

emin{c, 8} cpiiecTByBa X € X Takoma, uc

Iy = f(xo)ll
—xoll £ —————<
llx = xol| mine.g] - °
u f(x)=y.
Hemmo moeeue, f ¢ MeTpuyecku perymspHa B Xg ¢ reg(f; xg) < max{%, 9_1}.
— mu

Cxema Ha 10Ka3aTeICTBOTO. 32 pocToTa npeanoarame, 4e xo = 0 u f(0) = 0. Heka x € eBY,
ny # f(x). Torapa mpeAMOTOKCHHUCTO €

—1,—
ldy f()TII” <m, VxeeBy.
Ot mero cienpa, ue ChIIECTBYBA 7 € X TakoBa, ue ||7]| < £ u

1/ @) =yl = 11/ (%) = yll < — min{c, B}lx — z]I.
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HocTarpuno ¢ ma mpumoxum Jlema 3.3.5 ¢ @ = o0, § = £ u y = min{c, 6}, 3a 12 TOTyInM
OBPBOTO 3akmoucHue u Jlema 3.3.6, 3a 1a TOAyIUM BTOPOTO. O

Heka X w Y ca GanaxoBu IpOCTpaHCTBA U A € OrpaHduyucHa JTUHEHHA CIOpEKIHS 0T X BBPXY
Y. da nanomunm (Bmx wHanpumep Dontchev u Rockafellar [67, ctp. 254]), ue

reg A = sup d(0,A7 (),
lyll<1
kpaeto ATN(y) = {x € X © Ax = y). Ha orGenexum, 4e reg A < oo CHIIACHO NPHHITHIIA 33
OTBOpEHOTO M300paxkeHue Ha Banach. [To-maraTbk me u3mon3Bame, 4e ako kK > reg A, To 3a
Beako y € Y, vy # 0 cemectByBa X € X ¢ ||x|| < k||| uw Ax = y.
C momorra Ha Teopema 3.3.8 MokeM Ja JOKaXeM C SAWHEH MO/ X0/ KPaTKO M EIETaHTHO
peauna peuna pe3yaTaTy 3a CIOPEKTUBHOCT. [IBPBHAT OT TSIX € KIacudecKara

Teopema 3.3.9 (Graves, pux HampuMmep [67, cTp. 276-278]). Heka X u Y ca OGanaxoBu
npocrpancTia. Pasrnexname gyuknus f : X — Y, kodTo ¢ HenpekbcHara B X + £By 3a Hskoe
Xe€ Xwue>0. Heka A e orpanndcH JIWHEEH W CIOPEKTHBEH omepatop oT X BBpXy Y u Heka
m = reg A. Jla mpeamonokum, Ue crITecTByBa > 0, TakoBaue mu < 1 u

If(x) = f(X') = A(x = XD <pllx = x|,  Vx,x" € X+ &By.

[omarame 7 := f(X). 3a BCAKO kK > M U ¢ = K} — u, ako y ¢ Taxopa, 4e ||y — V|| < ce, 10
ypaBHeHHCTO ¥ = f(X) UMa PEITICHHE X, TAKOBA UC

-z < =3
C

B 9ACTHOCT ||Xx — X|| < &.

Hemmo moeeue, f ¢ meTpuyecku perymspHa B X ¢ reg(f; X) < T
— my

Cxema Ha joka3zaresicTBoT0. Oukcupame y € Y, Takopaue ¥ # O u |[J]| < @. 3a x € BBy
Jneunupame
S(x):={zepBx: |If(2 =l <Ilf(x) =l —7llz — xII}
W yCTaHOBSIBAME, 4¢ S yIoBICTROpsRa (*) B SBy mopaan HCPEKLCHATOCTTA Ha f.
Ocrara ja npuwioxuM kojauuecTeenara sepeus va LOEV npunnuna (Caencreue 3.3.3) 3a
MPOCTPaHCTBOTO SBYy, M300paxenueTo S, HavanHa Touku Xo = () u koucranra K = y‘l |[Fll. O

C 1031 TOJXOJ ISCHO MOXKEM JIa HOJAYIMM M KpuTepus Ha Aubin 3a MeTpHYecka peryJisip-
HOCT, BroK naparpad 3.2, B 4aCTHHs CAy4ail HA HENPEKbCHATA (DYHKITHSL,

Teopema 3.3.10. Heka X u Y ca Oanaxoeu npocrpancrea. Heka f : X — Y ¢ HenpekbcHaTa B
X + RByx 3a usaxoe R > 0. [Ja mpeamomoxkum, ue m > () ¢ TakoRa, uc

ldf) "~ <m, Vxex+RBy.

Torapa 3a BCSIKO K > 11 M BCIKO ¥ € Y Takora, uc |[y — f(¥)]| < R/k cpimecTBYBa X € X, TakoBa

e |lx = Xl < «ly = SRl u f(x) =y.
Hemmo moeeue, f ¢ Metpuyecku perymspHa B X ¢ reg(f; X) < m.
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Cxema Ha aoKkazareiacTBoTo. Oukcupame « > m. [Ipumarame Teopema 3.3.8ck, e=R, u=0
ud=1/m. O

IMo cxoyien HauuH NOIyYaBaMe JICKO 0000IIeHHe Ha pesyarTar, Jqokazan ot Ekeland B [69]:

Teopema 3.3.11. Heka X u Y ca Ganaxoeu npocrpanctea. Heka f : X — Y ¢ HenpexbscHara
u Gateaux audepenrupyema ¢ f(0) = 0. [lpexnonarame, ue npoussoauara D f(x) uma necex
oOparen L(x), KOWTO ¢ IMHECH W PABHOMEPHO OTPAHMYCH B OKOJIHOCT Ha (), T.¢. CBHIICCTBYRAT
R,m > 0 Takupa, ue

Vx € RBx, YveY = Df(x)L(x)y =v u [|[L(X)| < m.
Torara 3a BCAKO V TakoBa, ue |[F|| < R/m U BCSIKO v > m CHINECCTBYBA X TAKOBA, UC
1%l < R, NIXI < vIIFll, n f(%) =7.
Hemmo moeeue, f ¢ merpuucecku perymspaa B O ¢ reg(f;0) < m.

Cxema Ha JgokaszareicTBoTo. Heka x € RBy w v € Y. Osmauasame 1 = L(x)v. Torasa
Df(x)u=v. Ho Df(x) € df(x), cienosareirno v € df(xX)u ¥ KOHTHHICHTHATA HPOU3BOIHA €
cropexTuBHa. TBHil KaTo

llell < ILCONIVIE < ml[vll,

umame, ue ||df(x)"!||” < m. Ocrasa camo xa IpUIOXKKUM KpuTepus Ha Aubin 3a MeTpudecka
peryasipaoct (Teopema 3.3.10) ¢ R, m u v > m, 3a Jia NOJyYUM Pe3yiITara. |

Hexka na orbenexum, ye pe3yaTaruTe OT TO3u naparpad, mojgyyucHH 3a ¢JIHO3HAYHH U300-
PaXCHHsI, MOTAT JICCHO Jia OB/IaT MPOIBDKCHA 33 Cydas Ha MHOTO3HAYHO M300paKEHHE KaTo
ce usnon3ea eaun moaxon Ha A. loffe.

Crmo taka, LOEV mpuHIMITBT MOXKE a C€ M3MON3Ba, 3a Ja C€ TMOIY4H PE3yiaTar OT THI
Nash-Mozer-Ekeland B caydas mHa npoctpancrea Ha Fréchet, Ho Tora ¢ nupeamer Ha OB
H3CIIC/IBAHMSL.
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